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Abstract

Differentiable rendering is an essential operation in
modern vision, allowing inverse graphics approaches to 3D
understanding to be utilized in modern machine learning
frameworks. Explicit shape representations (voxels, point
clouds, or meshes), while relatively easily rendered, often
suffer from limited geometric fidelity or topological con-
straints. On the other hand, implicit representations (occu-
pancy, distance, or radiance fields) preserve greater fidelity,
but suffer from complex or inefficient rendering processes,
limiting scalability. In this work, we endeavour to address
both shortcomings with a novel shape representation that
allows fast differentiable rendering within an implicit ar-
chitecture. Building on implicit distance representations,
we define Directed Distance Fields (DDFs), which map an
oriented point (position and direction) to surface visibility
and depth. Such a field can render a depth map with a single
forward pass per pixel, enable differential surface geometry
extraction (e.g., surface normals and curvatures) via net-
work derivatives, be easily composed, and permit extraction
of classical unsigned distance fields. Using probabilistic
DDFs (PDDFs), we show how to model inherent disconti-
nuities in the underlying field. Finally, we apply our method
to fitting single shapes, unpaired 3D-aware generative im-
age modelling, and single-image 3D reconstruction tasks,
showcasing strong performance with simple architectural
components via the versatility of our representation.

1. Introduction

Three-dimensional shapes are represented in a variety of
ways in modern computer vision and machine learning sys-
tems, with differing utilities depending on the task to which
they are applied. Recent advances in representation learn-
ing, however, capitalize on the inherent 3D structure of the
world, and its link to generating the 2D images seen by
our eyes and algorithms, via differentiable rendering pro-
cedures compatible with neural network architectures. This
enables an analysis-by-synthesis paradigm [84] that treats
vision as “inverse graphics” [32, 59], wherein the model at-

tempts to infer the 3D factors (e.g., shape, pose, texture,
lighting) that gave rise to its 2D perceptions.

This can permit learning more powerful representations
with weaker supervision. Neural radiance fields (NeRFs)
[44], for instance, can be used for 3D inference [83] and
3D-aware generative image modelling [3, 47, 62], trained
entirely on 2D data. Similarly, implicit geometric fields,
such as occupancy fields [43] and signed distance fields
(SDFs) [51], have recently been used in conjunction with
differentiable renderering as well [24, 38, 48]. Other works
have learned textured mesh inference and/or generation via
rendering-based approaches (e.g., [1, 12, 18,53,71]).

Nevertheless, it is still not always clear which representa-
tion is best for a given task. Voxels and point clouds tend to
have reduced geometric fidelity, while meshes suffer from
the difficulties inherent in discrete structure generation, of-
ten leading to topological and textural fidelity constraints,
or dependence of rendering efficiency on shape complex-
ity [36]. While implicit shapes can have superior fidelity,
they struggle with complex or inefficient rendering proce-
dures, requiring multiple network forward passes and/or
complex calculations per pixel [38,44,67], and may be dif-
ficult to use for certain tasks (e.g., deformation, segmenta-
tion, or correspondence). Thus, a natural question is how
to design a method capable of fast differentiable rendering,
yet still retaining high-fidelity geometric information that is
useful for a variety of downstream applications.

In this work, we explore directed distance fields (DDFs),
a representation that (i) captures the detailed geometry of
a scene or object, including higher-order differential quan-
tities and internal geometry, (ii) can be differentiably ren-
dered efficiently, compared to common implicit shape or
radiance-based approaches, (iii) is trainable with (point-
wise) depth data, (iv) can be easily composed, and (v) al-
lows extraction of classical unsigned distance fields. The
definition is simple: for a given shape, we learn a field that
maps any position and orientation to visibility (i.e., whether
the surface exists from that position along that direction)
and distance (i.e., how far the surface is along that ray, if
it is visible). Fig. 1 illustrates how DDFs can be viewed
as implicitly storing all possible depth images of a given
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Figure 1. Ilustrative example of a directed distance field, fit to the Stanford bunny. Left: depiction of visible oriented points (blue points,
turquoise directions) that intersect the shape and those that miss the shape (black points, red directions) with & = 0. Middle: per row,
illustrations of one slice plane (from two different views) and the fixed v vector per slice plane (pink arrows), corresponding to the insets
on the right (i.e., v is the same across all p for each row). Right: resulting depth field evaluated across positions at fixed orientations v
(rows: top, middle, and bottom show different v values, parallel to (1,0, 0), (0,0, —1), and (1, 1, 1), respectively; columns: different slices
in 3D with each having fixed z). Each pixel value is coloured with the distance value d(p, v) obtained for that position p and direction v
(red to blue meaning further to closer). Non-visible oriented points (¢ = 0) are shown as white. Notice the depth changes at intersections

between the slice plane and shape (i.e., when p moves through S).

shape (i.e., from all possible cameras), reminiscent of a light
field, but with geometric distance instead of radiance (see
Fig. 1). Such a field is inherently discontinuous (see Fig.
2), presenting issues for differentiable neural networks, but
has a powerful advantage in rendering, since a depth image
can be computed with a single forward pass per pixel. Its
high input dimension (5D) incurs greater difficulty in learn-
ing, but the additional information increases its versatility
(e.g., higher-order local geometry, internal structure); fur-
thermore, several geometric properties define constraints on
the field and its derivatives, reducing the effective degrees
of freedom. We summarize our contributions as follows:

1. We define directed distance fields (DDFs), a 5D map-
ping from any position and viewpoint to depth and vis-
ibility (§3), and a probabilistic variant (PDDFs) that
can model surface and occlusion discontinuities (§3.3).

2. By construction, our representation allows differen-
tiable rendering via a single forward pass per pixel
(§3.2), without restrictions on the shape (topology,
water-tightness) or field queries (internal structure).

3. We prove several geometric properties of DDFs (§3.1),
and use them in our method.

4. We apply DDFs to fitting shapes (§4.1), single-image
reconstruction (§4.3), and generative modelling (§4.4).

2. Related Work

Implicit Shape Representations Our work is most sim-
ilar to distance field representations of shape, which have
a long history in computer vision [60], most recently cul-
minating in signed and unsigned distance fields (S/UDFs)
[5,51,74]. In comparison to explicit representations, im-
plicit shapes can capture arbitrary topologies with high fi-
delity. Several works examine differentiable rendering of
implicit fields [24,37,38,48,67,69] (or combine it with neu-
ral volume rendering [27,50,77,81]). In contrast, by condi-
tioning on both viewpoint and position, DDFs can flexibly
render depth, with a single field query per pixel. Further, a
UDF can actually be extracted from a DDF (see §3.1).

The closest current model to ours is the Signed Direc-
tional Distance Field (SDDF), independently and concur-
rently developed by Zobeidi et al. [88], which also maps
position and direction to depth. However, the lack of a sign
in DDFs introduces a fundamental difference in structure
modelling: starting from a point p, consider a ray that in-
tersects with a wall; evaluating a DDF at a point after the
intersection provides the distance to the next object, while
the SDDF continues to measure the signed distance to the
wall. This reduces complexity and dimensionality, but may
limit representational utility for some tasks and/or shapes.

Neural Radiance Fields NeRFs [44] are powerful 3D
representations, capable of novel view synthesis for recon-
struction [83] and image generation [3] with very high fi-
delity. However, the standard differentiable volume render-



Figure 2. Inherent discontinuities with DDFs. Left: surface dis-
continuities, where p passes through S. Right: occlusion disconti-
nuities, where v or p is moved over an occluding boundary edge.

ing formulation of NeRFs is computationally expensive, re-
quiring many forward passes per pixel, though recent work
has improved on this (e.g., [2,10,17,27,35,56,57,82]). Fur-
thermore, the distributed nature of the density makes ex-
tracting explicit geometric details (including higher-order
surface information) more difficult (e.g., [50, 81]).

Most similar to DDFs are Light Field Networks (LFNs)
[66], which enable rendering with a single forward pass per
pixel, and permit sparse depth map extraction (assuming
a Lambertian scene). Unlike LFNs, DDFs model geome-
try rather than radiance as the primary quantity, comput-
ing depth with a single forward pass, and surface normals
with a single backward pass, while LFNs predict RGB and
sparse depth from such a forward-backward operation. Fi-
nally, the 4D parameterization of LFNs does not permit ren-
dering from viewpoints between occluded objects.

3. Directed Distance Fields

Definition Let S C B be a 3D shape, where B C R? is
a bounding volume that will act as the domain of the field.
Consider a position p € B and view direction v € S%. We
define S to be visible from an oriented point (p, v) if the line
£p,(t) = p + tv intersects S for some ¢ > 0. We write the
binary visibility field for S as £(p,v) = 1[(p, v) is visible].
For convenience, we refer to an oriented point (p, v) as vis-
ible if £(p,v) = 1.

We then define a directed distance field (DDF) as a non-
negative scalar field d : B x S — R, which maps from
any visible position and orientation in space to the minimum
distance from p to S along v (i.e., the first intersection of
£y (t) with S). In other words, ¢(p,v) = d(p,v)v +pisa
map to the shape, and thus satisfies ¢(p, v) € S for visible
(p,v) (meaning &(p, v) = 1). See Fig. 1 for an illustration.

3.1. Geometric Properties

DDFs satisfy several useful geometric properties. We
provide proofs in Appendix A.

Property I: Directed Eikonal Equation. Similar to
SDFs, which satisfy the eikonal equation ||V ,SDF(p)||s =

1, a DDF enforces a directed version of this property. In
particular, for any visible (p, v), we have V,d(p, v)v = —1,
with V,,d(p, v) € R?*3. Note this implies ||V,d(p, v)||2 >
1 as well. There is also a directed eikonal property for the
visibility field, as locally moving along the viewing line
cannot change visibility: V,&(p,v)v = 0.

Property II: Surface Normals. The derivatives of im-
plicit fields are closely related to the surface normals n € S?
of S; e.g., V,SDF(q)" = n(q) for any ¢ € S. For
DDFs, a similar relation holds (without requiring p € 5):
V,d(p,v) = —n(p,v)T /(n(p,v)Tv), for any visible (p, v)
such that n(p, v) := n(q(p, v)) are the normals at ¢(p, v) =
d(p,v)v+p € Sand n(p,v) L v (i.e., the change in d mov-
ing off the surface is undefined). This allows recovering
the surface normals of any point ¢ € S, simply by query-
ing any (p, v) on the line that “looks at” ¢, and computing
n(p,v) = ¢Vpd(p,v)T/||V,d(p,v)||2, where we choose
¢ € {—1,1} such that n”v < 0 (so that n always points
back to the query oriented point)'. In this sense, n(p, v) is
the visible surface normal on S, as seen from (p, v).

Property III: Gradient Consistency. Consider a visi-
ble (p,v). Notice that changing the viewpoint by some in-
finitesimal d,, would seem to have a similar effect as pushing
the position p in the direction §,. In fact, it can be shown
that V,d(p, v)d, = d(p,v)V,d(p,v)d,, where §, = w X v
for any w € R3. This relates the directional derivatives of
d, along a rotational perturbation §,,, with respect to both
viewpoint and position (see also Appendix A.3 for alterna-
tive expressions). As with Property I, any d must satisfy
gradient consistency to be a true DDF.

Property IV: Deriving Unsigned Distance Fields. We
remark that an unsigned distance field (UDF) can be ex-
tracted from a DDF via the following optimization prob-
lem: UDF(p) = min,cse d(p,v), constrained such that
&(p,v) = 1, allowing them to be procured if needed (see
§4.2). UDFs remove the discontinuities from DDFs (see
§3.3 and Fig. 2), but are not rendered as easily nor can they
be queried for distances in arbitrary directions.

Property V: Local Differential Geometry. For any vis-
ible (p,v), the geometry of a 2D manifold S near ¢(p, v)
is completely characterized by d(p,v) and its derivatives.
In particular, we can estimate the first and second funda-
mental forms using the gradient and Hessian of d(p, v) (see
Appendix A.4). This allows computing surface properties,
such as curvatures, from any visible oriented position, sim-
ply by querying the network; see Fig. 5 for an example.

Neural Geometry Rendering. Many methods utilize
differentiable rendering of geometric quantities, such as
depth and surface normals (e.g., [46, 72,78, 79]). Often,
such methods can be written as parallelized DDFs (see Ap-
pendix A.6). Thus, the properties above hold, regardless of
architecture; we believe this can improve such frameworks.

I'This defines the normal via v, even for non-orientable surfaces.



3.2. Rendering

A primary application of DDFs is rapid differentiable
rendering. In contrast to some differentiable mesh render-
ers (e.g., [36]), there is no dependence on the complexity
of the underlying shape, after training. Unlike classical
NeRFs [44] or other standard implicit shape fields [38, 67],
DDFs only require a single forward pass per pixel.

The process itself is a straightforward ray casting proce-
dure. Given a camera with position py € B, for a pixel with
3D position p, we effectively cast a ray r(t) = po + tv,
with v, = (p — po)/||p — pol|2 into the scene with a sin-
gle query d(po,v,), which provides the depth image pixel
value. Note that p, and thus d(po, v, ), depend on the camera
parameters. Finally, consider p ¢ B. In this case, we first
compute the intersection point p, € OB between the ray r
and the boundary 9B. We then use d(p,,v) + ||p — pr||2
as the output depth (or set £(p,,v) = 0 if no intersection
exists). This allows querying the network from arbitrary
positions and directions, including those unseen in training.

3.3. Discontinuity Handling: Probabilistic DDF's

DDFs are inherently discontinuous functions of p and v.
As shown in Fig. 2, whenever (i) p passes through the sur-
face S or (ii) p or v is moved across an occlusion boundary,
a discontinuity in d(p, v) will occur. We therefore modify
the DDF formulation, to allow a C'* network to represent the
discontinuous field. In particular, we alter d to output proba-
bility distributions over rays, rather than a single value. Let
Pe be the set of probability distributions with support on
some ray £, ,(t) = p+tv, t > 0. Thend : Bx S? — Py is
a probabilistic DDF (PDDF). The visibility field, {(p, v), is
unchanged in the PDDF.

For simplicity, herein we restrict PP, to be the set of mix-
tures of Dirac delta functions with K components. Thus,
the network output is a density field P, ,(d) = >, w;0(d —
d;) over depths, where w;’s are the mixture weights, with
Zi w; = 1, and d;’s are the delta locations. Our output
depth is then d;«, where ¢* = argmax, w;; i.e., the high-
est weight delta function marks the final output location.
As w; changes continuously, w;« will switch from one d;
to another d;, which may be arbitrarily far apart, resulting
in a discontinuous jump. Thus, by having the weight field
w(p,v) smoothly transition from one index i* to another,
at the site of a surface or occlusion discontinuity, we can
obtain a discontinuity in d as desired. In this work, we
use K = 2, to represent discontinuities without sacrific-
ing efficiency. Fig. 3 showcases example transitions, with
respect to (a) occlusion discontinuities and (b) surface col-
lision; Fig. 4 visualizes the difference in the normals fields.
Notationally, we may treat a PDDF as a DDF, by setting

d(p,v) := di»(p,v).
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(a) Weight field transitions in DDF renders. In row three, white
color marks high w; values, as well as which surface (dy vs
ds) is active. Light and dark grey demarcate their non-visible
counterparts, with low £. The change in dominant weight (w,
vs 1 — wy) at occlusion edges permits discontinuities.

X

z-slice

oV &1
ol ﬂf

he®

od I od
v
'Y

H—w;: —[l-depth-E W — W: —[Wl-depth~l

(b) Weight field transitions using 3D slices in z. Rows 1 and 3
depict (discontinuous) distance values, with fixed v ((0,0, —1)
and (1,0, 0), respectively) and varying p across image pixels.
Rows 2 and 4 show weight values for w; and &, as in (a) above.
Notice the field switching upon p transitioning through a sur-
face discontinuity.

Figure 3. [Illustration of probabilistic DDFs for discontinuous
depth modelling, on a simple two-sphere scene with renders (a)
and spatial slices (b). Here, K = 2, s0 w1 = 1 — w2 (see §3.3).

3.4. Learning DDF's

Mesh Data Extraction Given a mesh specifying .S, we
can obtain visibility £ and depth d by ray-casting from any
(p,v). In total, we consider six types of data samples (vi-
sualized in Appendix B): uniform (U) random samples for
(p,v); at-surface (A) samples, where (p,v) must be visi-
ble; bounding (B) samples, where p € 0B and v points to
the interior of B; surface (S) samples, where p € S and v
is uniform; tangent (T) samples, where v is in the tangent
space of ¢(p,v) € S; and offser (O) samples, which offsets
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p from T-samples along n(p, v) by a small value.

Loss Functions Our optimization objectives are defined
per oriented point (p,v). We denote £, n, and d as the
ground truth visibility, surface normal, and depth values,
and let E, cfi, and w; denote the network predictions. Recall
i* = arg max; w; is the maximum likelihood PDDF index.

The minimum distance loss ensures that the correct depth
is output for the highest probability component: L£; =
¢|ds- — d|%.The visibility objective, Le = BCE(E,€), is
the binary cross entropy between the visibility prediction
and the ground truth. A first-order normals loss (asin [11]),
L, = —&nTh;(p,v)|, uses Property II to match surface
normals to the underlying shape, via Vpcfi*. A Directed
Eikonal regularization, based on Property I, is given by

R 2 N
Log =784 Y ¢ [Vpdiv + 1} +ee[Vecol?, (D)

applied on the visibility and each delta component of d,
analogous to prior SDF work (e.g., [14, 34, 80]).

Finally, we utilize two weight field regularizations,
which encourage (1) low entropy PDDF outputs (to pre-
vent +* from switching unnecessarily), and (2) the maxi-
mum likelihood delta component to transition (i.e., change
1*) when a discontinuity is required: Ly = yv Ly +y7 L.

The first is a weight variance loss: Ly = Hl w;. The
second is a weight transition loss: Lr = max(0,ep —
|Vwin|)?, where er is a hyper-parameter controlling the

desired transition speed. Since K = 2, using w; alone is
sufficient to enforce changes along the normal. Note that
L is only applied to oriented points that we wish to un-
dergo a transition (i.e., where a discontinuity is desired, as
illustrated in Fig. 2 and 3), namely surface (S) and tangent
(T) data. The complete PDDF shape-fitting loss is then

Ls=vala+veLe +WmLln +Lpe+Lw.  (2)

Other regularizations could be applied (e.g., gradient and
view consistency; see Property III and Appendix A.5), but
for simplicity we leave them to future work.

4. Empirical Results
4.1. Single Field Fitting

We use the SIREN neural architecture [65] for all field
parameterizations, as it both allows for higher order deriva-
tive calculations and has shown powerful representational
capabilities in other works (e.g., [3,40]). We use K = 2,
an axis-aligned bounding box for B, Adam [28] for opti-
mization, and PyTorch [52] for all implementations. (See
Appendix C for details.) In Fig. 5, we show results for fit-
ting single objects, via PDDF renderings with a single net-
work evaluation per pixel. Surface normals and curvatures
are obtained using only additional backward passes for the
same oriented points used in the single forward pass. Using
SIREN enables fairly detailed renders of the geometry.

We discuss two additional modelling capabilities of
DDFs: (i) internal structure representation and (ii) compo-
sitionality. The first refers to the ability of our model to
handle multi-layer surfaces: we are able to place a camera
inside a scene, within or between multiple surfaces, along
a given direction. This places our representation in con-
trast with recent work [66, 88], which does not model in-
ternal structure. The second lies in the ease with which
we can combine multiple DDFs, which is useful for ma-
nipulation without retraining and scaling to more com-
plex scenes. Our approach is inspired by prior work on
soft rendering [9, 36]. Formally, given a set of N DDFs
¢C={TW 0 a0 BOIN  where T is a transform on
oriented points converting world to object coordinates for
the ith DDF (e.g., scale, rotation, and translation), we can
aggregate the visibility and depth fields into a single com-
bined DDF. For visibility of the combination of objects, we
ask that at least one surface is visible, implemented as:

&) =1-T[a-P@T®p,v). @)
k

For depth, we want the closest visible surface to be the final
output. One way to perform this is via a linear combination

Za dO(TP (p,v), @)

where a(gk) are computed via visibility and distance:

0 €090 (p 1)
a¢(p,v) = Softmax ({ 55T+ d® (T (p, 0)) } k) ®

with temperature 77 and maximum inverse depth scale ¢,
as hyper-parameters. This upweights contributions when
distance is small, but visibility is high. We exhibit these
capabilities in Fig. 6, which consists of two independently
trained DDFs (one fit to five planes, forming a simple room,
and the other to the bunny mesh), where we simulate a cam-
era starting outside the scene and entering the room.



Figure 5. Renders of DDF fits to shapes. Rows: depth, normals, and mean curvature. Columns: different camera positions per object. Each
quantity is directly computed from the learned field, using network derivatives at the query oriented point (p, v) per pixel.
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Figure 6. Example of internal structure rendering and composi-
tional scene construction. Colours correspond to surface normals
(as in Fig. 5), estimated via the DDF (with Property II).

4.2. UDF Extraction

As noted in Property IV, one can extract a UDF from a
DDF. In particular, we optimize a field v* : B — S2, such
that UDF(p) = d(p,v*(p)). We solve this by gradient de-
scent on a loss that maximizes visibility while minimizing
depth for a given v*(p). (See Fig. 7 for visualizations and
Appendix D for optimization details.)

The vector field v* points in the direction of the clos-
est point on .S. Notice that discontinuities in v* occur at
surfaces as before, but also on the medial surface of S in
B.2 When the surface normals exist, v* is closely related
to them: v*(p) = —n(p,v*(p)), in the notation of Property
II. Recent work has highlighted the utility of UDFs over
SDFs [5, 74]; in the case of DDFs, extracting a UDF or v*
may provide useful auxiliary information for some tasks.

4.3. Single-Image 3D Reconstruction

We next utilize DDFs for single-image 3D reconstruc-
tion. Given a colour image I, we predict the underlying la-
tent shape z, and camera II that gave rise to the image, via

2 At such positions, there are multiple valid values of v*.

UDF

Figure 7. v* fields (colours are 3D components) and respective
UDFs (blue and red correspond to near and far distances). Each
image is a slice in z, with adjacent pairs having the same z. The
differing colours in v™ for the multisphere in column 3 are due to
the slice breaching the front versus the back of the two spheres.

~

an encoder F(I) = (Zs,II). For decoding, we use a con-

~

ditional PDDF (CPDDF), which computes depth d(p, v|z;)

and visibility & (p,v|zs). For evaluation, we use the extrin-
sics of a camera: either the predicted II or ground-truth II,
(to separate shape and camera errors).

We use three loss terms: (a) shape DDF fitting in canoni-
cal pose £5 (eq. 2), (b) camera prediction Ly = ||II,—II| 2,
and (c) mask matching £,; = BCE(I,, Rg(zs|ﬁ)), where
1, is the input alpha channel and R renders the DDF visi-
bility. The total objective, Lsi3pr = Yr,5L5 + Yr.ulno +
Yr,m L, is optimized by AdamW [39]. We implement
FE as two ResNet-18 networks [16], while the CPDDF is a
modulated SIREN [41]. See Appendix E for details.

Explicit Sampling. Evaluating 3D reconstruction often
involves metrics based on point clouds (PCs). We present a
simple approach to PC extraction from DDFs, though it can-
not guarantee uniform sampling over the shape. Analogous
to prior work [5], we recall that q(p,v) = p+d(p,v)v € S,
if £&(p,v) = 1. Thus, we sample p ~ U[B], and wish
to compute their projections ¢ onto the shape. However,
we cannot choose an arbitrary v, as many will not be vis-
ible. Instead, for each p, we uniformly sample directions
V(p) = {vi(p) ~ U[S?]}I*; and utilize our composition
technique to estimate ¥ * (p) by weighted average over V (p)



DDF _ PC-SIREN | pM 3DR
m,L I,s MOg-s 0O-.L 0-s |0oL I8 @OL s
Dol | 0459 0512 0823 0855 0919 | 0431 0465 0876 0915 | 0610 1432
Chairs F, 1 | 5547 4840 4228 47.51 41.08 | 6225 5636 5056 45.57 | 5438 4022
Pyt | 7282 6775 6039 6381 5898 | 7738 7456 6543 6276 | 7042 5520
Dol 0210 0239 0673 0.793 0836 | 0215 0227 0829 0844 | 0477 0.895
Planes F, 1 | 8046 7662 6332 6375 60.54 | 8149 80.11 63.64 6234 | 71.12 4146
For 1| 90.05 8855 76.16 7496 7347 | 89.71 89.18 7476 74.18 | 8138 63.23
Dol | 0231 0288 0390 0541 0.606 | 0371 0400 0.737 0.768 | 0268 0.845
Cars  F.1|7091 5993 5416 6269 5247 | 6457 57.82 5601 50.04 | 67.86 37.80
Fy. 1| 8657 79.66 7468 7971 7278 | 7872 7600 7122 6852 | 84.15 54.84

Table 1. Single-image 3D reconstruction results. Rows: ShapeNet categories and performance metrics. Columns: L/S refer to sampling
5000/2466 points for evaluation (2466 being the output size of P2M), Hg/ﬁ denote using the true versus predicted camera for evaluation
(the former case removing camera prediction error), and Iy test-time camera correction from the predicted position using gradient descent.
Metrics: De is the Chamfer distance (x 1000), F is the F-score (x 100) at threshold 7 = 10~%. PC-SIREN is our matched-architecture

baseline; Pixel2Mesh (P2M) [75,

] and 3D-R2N2 (3DR) [6] are baselines using different shape modalities (numbers from [

1). Note

that scenarios using II, (effectively evaluating shapes in canonical object coordinates) are not directly comparable to P2M or 3DR.

(as in §4.2, but without optimization), giving ¢(p,v*(p))
as a point on the shape. Repeating this process Ny times
(starting from p < ¢) can also help, if depths are less accu-
rate far from the shape. We set n,, = 128 and Ny = 3 (see
Appendix E.1 for ablation with Ny = 1).

Baselines. Our primary baseline is designed to alter the
shape representation, while keeping the remaining architec-
ture and training setup as similar as possible. We do this by
using the same encoders as the DDF and an almost identical
network for the decoder (changing only the input and output
layer dimensionalities), but altered to output PCs directly
(denoted PC-SIREN). In particular, we treat the decoder as
an implicit shape mapping f, : R3 — R3, which takes
p ~ U[—1,1]? as input and directly returns ¢ = f,(p) € S
as output. Training uses the Chamfer distance D¢ to the
ground truth in object coordinates and L7. We also consider
two other baselines: the mesh-based Pixel2Mesh (P2M)
[75,76] and voxel-based 3D-R2N2 (3DR) [6].

Results. We consider cars, planes, and chairs from
ShapeNet [4], using the data from [6] (as in [75]). In Table
1, we show DDFs perform comparably to the architecture-
matched PC-SIREN baseline (a little worse on chairs, but
slightly better on cars). See Fig. 8 for visualizations, as well
as Appendix Fig. 12. Generally, the inferred DDF shapes
correctly reconstruct most inputs, including thin structures
like chair legs, and regardless of topology. The most ob-
vious errors are in pose estimation, but the DDF can also
sometimes output “blurry” shape parts when it is uncertain
(e.g., for shapes far from the majority of training examples).

However, results can be improved (especially for D¢) by
correcting II to IIy = argming £y, via gradient descent
(starting from ﬁ) on the test image alpha channel. While
explicit modalities, like PCs, can be differentiably rendered
(e.g., [22,25,72]), DDFs can do so by construction, with-

out additional heuristics or learning. Further, note that (i)
the DDF sampling procedure is not learned, (ii) our model
is not trained with D¢ (on which it is evaluated), and (iii)
DDFs are a richer representation than PCs, capable of repre-
senting higher-order geometry, built-in rendering, and even
PC extraction. Thus, for reconstruction, changing from PCs
to DDFs can enrich the representation without quality loss.

Compared to the other baselines, DDFs with predicted il
underperform P2M, but outperform 3DR. Results obtained
with the ground-truth IT; indicate that much of this error is
due to (imperfect) camera prediction, though this case is not
directly comparable to P2M or 3DR. Indeed, with II, the
task becomes prediction in canonical object — rather than
camera — coordinates. While each frame has benefits and
downsides [64,70], in our case it is useful to separate shape
vs. camera error. Our scores with I, suggest DDFs can in-
fer shape at similar quality levels to existing work, despite
the naive architecture and sampling strategy. We remark
that we do not expect DDFs to directly compare to special-
ized, highly tuned models achieving state-of-the-art perfor-
mance. Instead, we show that our representation allows one
to achieve good performance (especially when considering
shape alone), even using simple off-the-shelf components
(ResNets and SIREN MLPs), without sacrificing versatil-

1ty.
4.4. Generative Modelling with Unpaired Data

Finally, we apply CPDDFs to 3D-aware generative mod-
elling, using 2D-3D unpaired data (see, e.g., [1,26,45,87]).
This takes advantage of 3D model data, yet avoids requir-
ing paired data. We utilize a two-stage approach: (i) a
CPDDF-based variational autoencoder (VAE) [29, 58] on
3D shapes, then (ii) a generative adversarial network (GAN)
[13], which convolutionally translates CPDDF-derived sur-
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Figure 8. Single-image 3D reconstruction visualizations on held-out test data. Per inset, columns represent (i) the input RGB image, (ii) the
visibility § (iii) the depth d (iv) the normals 7, (v) the sampled point cloud (PC) from the DDF, and (vi) a sample from the ground-truth
PC. Quantities (ii-v) are all differentiably computed directly from the CPDDF and H, per point or pixel (i.e., no post-processing needed).
PC colours denote 3D coordinates. A high-error example is in the lower-right of each category. See Appendix E for more examples.
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Figure 9. Left inset: random ShapeVAE (shown as surface normal renders) and translational image GAN samples. Middle inset: fixed
latent texture and shape across six views. Right inset: latent interpolations (horizontal: texture changes; vertical: shape changes).

face normal renders into colour images. Briefly, the VAE
trains a PointNet encoder [54] and CPDDF decoder, via a
B-VAE [20] loss, £yag = £+ SLkL. The GAN performs
image-to-image translation (from normals to RGB), with
cyclic consistency losses [85]. Fig. 9 displays results on
ShapeNet cars [4, 6], including disentanglement of shape,
viewpoint, and appearance (see also, e.g., [18, 26, 62]).
While this underperforms a 2D image GAN (15 versus 27
FID [19,49]), it still outperforms samples from image VAEs
or GAN-based textured low-poly 3D mesh renders (>100
FID [1]) in image quality. See Appendix F for details.

5. Discussion

We have devised directed distance fields (DDFs), a novel
shape representation, which maps oriented points to depth
and visibility values. We have examined several useful the-
oretical properties (including a probabilistic extension for

handling discontinuities), illustrated the fitting process for
single objects (as well as composition and UDF extraction)
and applied it to single-image reconstruction and generative
modelling. DDFs are easily differentiably rendered to a sur-
face normal image, which is non-trivial for voxels, NeRFs,
or occupancy fields. Unlike meshes, DDFs are topologi-
cally unconstrained, and rendering is independent of shape
complexity. In contrast to NeRFs or SDFs, we require just a
single forward pass per pixel for depth (plus a single back-
ward pass to obtain normals). One limitation of DDFs is the
higher input dimensionality, leading to more complex data
and algorithmic requirements, particularly when scaling up
to complex scenes. Our simplistic approaches to geomet-
ric property enforcement and UDF/PC extraction can also
be improved, which we leave for future work, along with
extending the representation to allow translucency or trans-
mittance, and using a better model of materials, appearance,



and lighting. We also hope to apply DDFs to other tasks,
such as haptics and navigation.
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A. Proofs of Geometric Properties

For a shape S, we consider visible oriented points (p, v)
(i.e., &(p,v) = 1), such that ¢(p,v) = p + d(p,v)v € S,
unless otherwise specified.

A.1. Property I: Directed Eikonal Equation

First, note that for any visible (p,v) (with p ¢ S), there
exists an € > 0 such that any 0 € (0o — €, g + €) satisfies
q(p,v) = q(p + dv,v) € S. In such a case, by definition of
the directed distance field (DDF), d(p+dv,v) = d(p,v)—0.
Restrict § to this open interval. The directional derivative
along v with respect to position p is then

d(p + 6v,v) — d(p,v)

V,d(p,v) v = lim

6—0 1)

= lim d(p,l)) —0— d(pa ’U)
6—0 1)

= —1,

as required.

A.1.1 Gradient Norm Lower Bound

For any visible (p,v), since |V,dv|
[|Vpd||2||v]|2 | cos(0(V,d,v))| = 1, where 6(uq,us2)
denotes the angle between vectors u; and uo, we also see
that ||V ,d||2 = 1/| cos(8(Vd, v))|, and thus ||V, d||2 > 1.

A.1.2 Visibility Gradient

Consider the same setup as in A.1. The visibility field sat-
isfies a similar property: &(p + dv, v) = &(p, v), as the visi-
bility cannot change when moving along the same view line
(away from S). Thus, we get V,&(p,v)Tv = 0.

A.2. Property II: Surface Normals

Consider a coordinate system with origin gy € S, with a
frame given by (i, 7, E) where k = n(qo) and7,; € Tg0 (S)
spans the tangent space at gg. Locally, near gy, reparame-
terize S in this coordinate system via

S(x,y)z(m,ng(x,y)), (6)

where fg controls the extension of the surface in the normal
direction. Notice that

aaS|(IU = (63:ou§yavao¢f5|qo)a (N

where o € {z,y} and J,,, is the Kronecker delta, but since
045|q, = ¢ and 95|y, = j are in the tangent plane,

aafs‘qo =0. (8)

13

Consider any oriented position (p,v) that points to
q(p,v) € S on the surface. Locally, the surface can be
reparameterized in terms of (p, v):

q(p,v) = p+d(p,v)v € S. )

Yet, using ¢ = (¢x, ¢y, g»), We can write this via Eq. 6 as

S(Qza‘]y) = (qgcaanfS(ch,Qy))v (10)

where g, is the component along the x direction in local
coordinates, which depends on p and v. In other words, the
z component of ¢ depends on p via:

4:(p,v) = fs(qz(p,v), qy(p, v)). (1)

Let (po, vo) point to g (i.e., go = q(po, vo)). Then:

apifS|p0 = 8qu5|qo ap;,q-r|po + aQy-fS|q0 apiQy|po
0 0
=0Vie{zr,y,z}

since 9, fs|q, = 0 using Eq. 8.
Derivatives with respect to position are then given by

0p.qzlpo = 1+ 0p.d(p,v)|povz = 0. fslp, =0
Opo@zlpo = Opo d(p, V) |py vz = Op, f5lpo = 0,

12)
13)

using Eq. 9 and Eq. 11, with o € {x,y}. Thus, using Eq.
12 and Eq. 13,

0
)d(pvv)‘Po = (0507_1/1]2)’ (14)

O(Px, Dy, D=

in local coordinates. Since the z component here is along
the direction of the surface normal, n(gg) = n(po, vo), this
can be rewritten as

Vpd<p’ U)‘Poﬂ)o = 15)

For any C'! surface S, and point gy € S (that is intersected
by visible oriented point (p,v)), we can always construct
such a coordinate system, so we can more generally write:

_nT

Vpd(p,v) = (16)

nTy’
A.3. Property III: Gradient Consistency

Consider the same setup (coordinate system) and nota-
tion as in the Proof of Property II above (Appendix A.2).
Since v € S2, it suffices to consider an infinitesimal rota-
tional perturbation of some initial view direction v:

a7



where [w]x is a skew-symmetric cross-product matrix of
some angular velocity vector w, so that v = (I + dR(t))vo
and dv = v — vy = [w]x dt vy is the change in the view
(given dt) and a velocity of u := 9;v = [w]xvg. The change
in surface position, ¢(p, v(t)) = p+d(p, v(t))v(t), with re-
spect to ¢ is then

815(] = v@td + d@tv
= (0pdOyv)v + dOyv
= (Opdu)v + du.

The z component, in local coordinates, is then

atQZ|q0 = ath(Qra Qy)|qo
= 0g, [5]q00¢qx + 8qyf5|qoatq’y

via Eq. 8. Thus, 0:q.|q, = (0pdu)v, + du, = 0, meaning

duTn = —(9ydu)vn (18)

using u, = u'n and v, = vT'n at go. Recalling that d,d =

—nT /(nTv) and rearranging, we get

nT
Notice that u = J;v = [w]x v is orthogonal to vy and the
arbitrary vector w. Hence, for any visible oriented point
(p,v) away from viewing the boundary of S (i.e., where

nTv = 0) and for all w € R3, we have

Vodw]xv = dV,d[w]xv. (20)

This constrains the derivatives with respect to the view vec-
tor to be closely related to those with respect to position,
along any directions not parallel to v.

A.3.1 Alternative Expression

Note that the inner product with J,, primarily serves to re-

strict the directional derivative in valid directions of v. A

cleaner expression can be obtained with a projection opera-

tor, which removes directional components parallel to v.
First, let us define d to normalize v:

A(p,v) = d (p, ||||) |

for all v € R? \ {0}. Then, consider a perturbation along
the view direction of size |§] < 1:

ey

d(pOa Vo + 5“0) = d(p07v0(1 + 6)) = d(p07U0)7 (22)

with |Jug|| = 1 and using Eq. 21 for the last step. This
means the directional derivative along v must satisfy

Opd(p,v)v = 0. (23)
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In the previous section, we showed that 8, du = dd,du for
allu L v. Let P, = I — vvT be the orthogonal projection
removing components parallel to v. Then we can rewrite
the result of the previous section as 0, dP, = dd,dP,. But
0,dP, = 0yd — 0,dvvT = 0,d by Eq. 23. Thus, we may
write

Ovd = d 0pd Py,

which agrees with Eq. 20.

(24)

A.4. Property V: Local Differential Geometry

Given a visible oriented point (p, v), we have shown that
the surface normal n(p, v) on S (at ¢ = p+d(p,v)v) is com-
putable from V,d (see Appendix A.2). Curvatures, how-
ever, require second-order information.

We first construct a local coordinate system via n, by
choosing two tangent vectors at ¢: t,,t, € T,(S), where
|tall2 = 1 and tI't, = 0. In practice, this can be done
by sampling Gaussian vectors, and extracting an orthog-
onal tangent basis from them. We can then reparameter-
ize the surface near g9 = ¢(po,vo) (with surface normal
no = n(qo)) via S(z,y) = qo + xts + yty + fs(x,y)no,
where x and y effectively control the position on the tangent
plane. Alternatively, we can write S(z,y) = q(p(u),vo),
which parameterizes S about the oriented point (or view-
point) p(u), where v = (z,y), and p(u) = po + zt; + yt,.
Notice that p(u) is essentially a local movement of p paral-
lel to the tangent plane at go € S (which is “pointed to” by
(po, v0)). Note that pg, vg, and gg are fixed; only w and p(u)
are varied. Further, notice that the plane defined by p(u) (in
the normalized tangent directions ¢, and t,) is parallel to
the surface tangent plane at ¢y (and thus orthogonal to ng),
but not necessarily perpendicular to v.

Using this local frame on 7, (S), the first-order deriva-
tives of the surface are

0iSlu=0 = 0; (p(u) + vod(p(u),v0)) lu=0  (25)
= t; + 9id(p(u), vo)|u=0v0 (26)
=t; + (Vpd(p,vo)ti)vo (27)

where ¢ € {z,y} and p; is the jth component of p. Then
the metric tensor (first fundamental form) is given by

9ij = 0:S)h—0 0;Slu=0

T T
= 5U + CiCj + CiVg tj + CjVgy t,’,

(28)
(29)

where i, j € {z,y}, v = (z,y), J;; is the Kronecker delta
function, and ¢, = V,dt;. Notice that V,d is parallel to
n (see Property II), and thus orthogonal to ¢; and ¢,. Thus,
¢z = ¢y = 0, and so, in theory, g;; = J;;, but this may
not hold for a learned DDF, if one computes directly with
Eq. 29. However, in practice, we use the theoretical value
(where g = I5 in local coordinates), as deviations from it
are due to error only (assuming correct normals).



Next, the shape tensor (second fundamental form) II;;
can be computed from the second-order derivatives of the
surface [30] via:

Hij = nOTBZ-jS|u:0
= n$ 03 (p(w) + vod(p(u),v0))|u=0
= noTanijd(P(U)a v0)|u=0
= ng v00; Y Op, d(p(w), vo) [9;p(w)]k lu=o
* ]
tilk

ngvo Y 0i0p, d(p(u), v0) [t;]k|u=o
k

(30)

ngvo Y [tile Y OO, d(p(w),v0)[0ip(w)]elu=o
k l

ng vo ;[tj]k ; pepr d(p(w), v0)[tilelu=0

Hp[d]ke

= (t1 Hpld]t:) n vo, (31)
where i, j € {z,y}, u = (,y), no = n(qo), [t:]x is the kth
component of ¢;, H,[d] is the Hessian of d with respect to p
(atu = 0), and p(u) = po+xt, +yt,. Note that our param-
eterization of the surface using the DDF (i.e., ¢(p(u), vg))
defines surface deviations in terms of vg; the ngvo term
undoes this effect, rewriting the deviation in terms of n in-
stead.

Curvatures can then be computed via the shape tensor
(see, e.g., [30]). Gaussian curvature is given by Cx =
det(I)/ det(g), while mean curvature is written Cyy =
tr(Ilg—!). Notice that these quantities can be computed for
any visible (p,v), using only d(p,v) and derivatives of d
with respect to p (e.g., with auto-differentiation). Thus, the
curvatures of any visible surface point can be computed us-
ing only local field information at that oriented point.

A.S5. View Consistency

DDFs ideally satisfy a form of view consistency, which
demands that an opaque position viewed from one direc-
tion must be opaque from all directions, with depth lower-
bounded by that known surface position. Consider two ori-
ented points (p1,v1) and (p2,v2). Assume (i) that (p1,vy)
is visible, such that g1 = p; + d(p1,v1)v1 € S, and (ii) that
there exists ¢ > 0 such that £,,, ., (t) = pa + tvs = ¢;. That
is, if viewing the scene via (p2, v2), we assume our line of
sight intersects that of (p1,v1), at the surface point ¢;.

Then, in this case, we have that: (1) (p2,v2) is visible,
meaning §(p2, v2) = 1, and (2) d(p2, v2) < ||[p2—q1|]2 = t.
These can be seen by the definition of ¢ and d. For (1),
since there exists a surface intersection (at ;) along £, 4,,
the oriented point (p2, v2) must be visible (i.e., &(p2, v2) =
1). For (2), d(p2,v2) can be no further than ¢, since DDFs
return the minimum distance to a point on S along the line
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£y, v, (t), and hence its output can be no greater than the
known (assumed) distance ¢.

A.6. Neural Depth Renderers as DDFs

A natural question is how to parallelize a DDF. Consider
afunction f : Ap x Ag — I, where Zy ¢ = Ry x [0,1],
from continuous camera parameters (i.e., elements of Ary)
and some space of shapes Ag to an m-pixel depth and
visibility image. Then f is implicitly a conditional DDF,
as each pixel value can be computed as (d(p,v),&(p,v)),
where p and v are a fixed function of II € Ap. In other
words, the camera intrinsics and extrinsics determine the p
and v value for each pixel, with p determined by the cen-
tre of projection (camera position) and v determined by
the direction corresponding to that pixel, from the centre
of projection out into the scene. We may thus regard the
depth pixel value as a function of p and v, via the cam-
era parameters. This holds regardless of the architecture of
f. Thus, all the properties of DDFs hold in these cases as
well: for example, for a depth image I;, camera position
C, and viewpoint C,, Property II relates d¢c, I, to the sur-
face normals image, while Property III constrains Jc, Ig4.
We believe this point of view can improve the framework
for differentiable neural rendering of geometric quantities

(e'g'7 [ b k) s ])
B. Mesh Data

We display visualizations of each data type in Fig. 10.
We briefly describe how each is computed (note that we
only need to obtain (p, v), after which (£, d) can be obtained
via ray-triangle intersection):

+ Uniform (U): simply sample p ~ U[B] and v ~ U[S?].

* At-surface (A): start with g9 ~ U][S] (obtained via
area-weighted sampling) and vy ~ U[S?]. Sample p
on the line between ¢g and its intersection with B along
vg. Set v = —wvg. Note that the final output data may
not actually intersect gy (since one may pass through a
surface when sampling p).

* Bounding (B): sample p ~ U[0B] and v ~ U[S?], but
restrict v to point to the interior of 5.

* Surface (S): simply use p ~ U[S] and then take v ~
U[s?.

» Tangent (T): the procedure is the same as for A-type
data, except we enforce v to lie in the tangent plane

Tao (5)-

* Offset (O): take a T-type (p,v) and simply do p «
P + So€ong, where ng is the normal at ¢g, and we set
eo = 0.05 and sample ¢ ~ U[{—1,1}].



Figure 10. Illustration [63] of data types. Left to right: input sphere mesh, U, A, B, S, T, and O data. Visible points depict p in blue, v in
green, and a line from p to ¢ in turquoise; non-visible points depict p in black and v in red. See §3.4 for details and §C.2 for an ablation

study of the data types.

Since we assume B is an axis aligned box (with maximum
length of 2; i.e., at least one dimension is [—1, 1]), sampling
positions on it, or directions with respect to it, is straightfor-
ward. See also §C.2, which examines the effect of ablating
each data type.

C. Single Entity Fitting Details

Given a mesh, we first extract data of each type (see
§3.4), obtaining (p,v) tuples in the following amounts:
250K (A and U) and 125K (B, T, O, and S). Since rendering
outside B uses query points on 03, we bias the sampling
procedure for T, A, and O data, such that 10% of the p-
values are sampled from 0/5. For each minibatch, we sam-
ple 6K (A and U) and 3K (B, T, O, and S) points, across
data types. In addition to these, we sample an additional 1K
uniformly random oriented points per minibatch, on which
we compute only regularization losses (L and Lpg), for
which ground truth values are not needed.

We note that not all loss terms are applied to all data
types. As discussed in §3.4, the transition loss L is only
applied to S and T type data (since we do not want spuri-
ous field discontinuities, due to the field switching between
components, except when necessary). As briefly noted in
Property II, the DDF gradient V,,d (and hence field-derived
surface normals) are not well-defined when n and v are or-
thogonal. The gradients are also not well-defined on S-type
data (since d is explicitly discontinuous for p € S, and thus
V,d does not exist there). Hence, we do not apply the di-
rected Eikonal regularization Lpg or the normals loss £,, to
S, T, or O data. Similarly, the weight variance loss Ly (de-
signed to reduce weight field entropy) should not be applied
to S, T, or O samples, as the weight field should be transi-
tioning near those samples (and thus have a higher point-
wise Bernoulli variance). The remaining losses are applied
on all data types.

We then optimize Eq. 2 via Adam (learning rate: 10~%;
B1 = 0.9, B2 = 0.999), using a reduction-on-plateau learn-
ing rate schedule (reduction by 0.9, minimum of 5K itera-
tions between reductions). We run for 100K iterations, us-
ingvg =5,7% =17 =10,7v = 1,784 = 0.05, 7p¢ =
0.01, and v = 0.25. Note that we double ;4 on A and U
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camera moves inwards ——»

LIt -

starting camera position

Figure 11. Example showing underfitting without compositional
model (same scene as Fig. 6). Colours correspond to surface nor-
mals estimated via the DDF. (See Appendix C.1).

data. The field itself is implemented as a SIREN with seven
hidden layers, initialized with wy = 1, each of size 512,
mapping (p,v) € R® — ({d;}[<;, {wi}[;,€) € R*FH!
(note that the set of w;’s has K — 1 degrees of freedom).
We use K = 2 delta components. Since wy = 1 — wy, we
output only wy and pass it through a sigmoid non-linearity.
We apply ReLU to all d; outputs, to enforce positive val-
ues, and sigmoid to £. We use the implementation from [8]
for SIREN. In terms of data, we test on shapes from the
Stanford Scanning Repository [68] (data specifically from
[7,31,73]).

C.1. Non-Compositional Fitting Example

To show the improved scaling of composing DDFs, we
also attempted to fit the same scene using the single-object
fitting procedure above. For fairness, we doubled the num-
ber of data samples extracted, as well as the size of each
hidden layer. In comparison to Fig. 6, this naive approach
struggles to capture some high frequency details, though we
suspect this could be mitigated by better sampling proce-
dures.



Ablation Minimum Distance Error (L1; x10) | Visibility Error (BCE) |
Cd,l'U £d71-A £d71-B Ed_yl—O »Cd,l'T ﬁdyl-S ,CE-U ,CE-A ,Cg-B ,Cg-o ,Cg-T ,Cg-S
U 0.58 0.79 0.18 0.49 0.75 0.47 211 0.03 0.07 0.14  0.05
A 0.48 0.49 0.81 0.54 020 005 0.07 049
B 0.37 0.67 0.46 0.73 0.58 0.20 0.03 0.50 0.15 0.06
0] 0.39 0.67 0.18 0.56 0.70 0.59 0.01 011 171 003 0.03
T 0.39 0.70 0.19 0.45 0.65 0.19 0.09 0.06 032 048
S 0.95 0.23 0.89 1.43 0.14 0.06 042 0.17 048
0.45 0.75 0.19 0.50 0.77 0.23 0.04 0.08 0.15

Table 2. Data sample type ablation on the Stanford Bunny (see §C.2). Rows: type of data (i.e., (p,v) sample type) ablated. Columns:
errors on held-out data (left: minimum distance loss, but computed with L; instead of L2, for greater interpretability; right: binary cross-
entropy-based visibility loss). Each column computes the error on a different sample type (e.g., £4,1-A is the minimum distance error on
A-type data). Error computation is on 25K held-out samples, for each data type. Per loss type, the red numbers are the worst (highest)
error cases; the numbers are the second-worst error cases. Each ablation scenario uses 100K of each data type, except for the ablated
one (of which it uses zero); the “~” case uses 83,333 samples of all six data types (to control for the total number of points). Several
observations are notable: (1) in most cases, performance on a data type is worst or second-worst when that type is ablated in training; (2)
ablating S appears to be damaging across other data types as well; and (3) there is some interplay between data types (e.g., ablating T-type
data is worse for A-type data error, than ablating A-type data itself).

C.2. Data Sample Type Ablation Experiment Finally, we also found that ablating B-type data has a
relatively minor effect on the resulting errors. We remark
that, for rendering applications, where the camera is more
likely to be outside the box (and thus most field query posi-
tions p will be on 013; see §3.2), B-type data will be much
more important, and hence useful to concentrate on. Fur-
ther, we note that the data bias for T-, A-, and O-type data
(ensuring there are positions p € 0B) leads to increased
overlap with B-type data, reducing the effect of ablating it.
Other effects, such as enforcing the directed Eikonal prop-
erty, should help as well. We remark that both A and B
sample types are biased: specifically, caring more about the
shape than the non-visible parts of the scene (for A), and
focusing on rendering-oriented applications (for B).

We perform a small-scale ablation experiment to discern
the importance of each data sample type. We perform a
single-shape fit to the Stanford Bunny, with slight modifi-
cations to the algorithm discussed in §C just above. In par-
ticular, we consider six scenarios, in each of which we train
with 100K samples of each type except one, which is re-
moved/ablated. We consider one other scenario that has the
same number of total points, but no single type is ablated
(i.e., 83,333 samples for each data type). We then measure
the depth and visibility prediction error on 25K held-out
samples of each data type, including the ablated one. All
other aspects of the fitting process remain the same.

See Table 2 for results. We first notice that the worst
errors are incurred for models trained where that data type
was ablated in training. For the minimum distance error,
the worse or second-worst result is always obtained for the
model that ablates that data type; this is also true for the vis-
ibility error, except for ablating and testing on A-type data.
This case may be due to the relation between A-type and D. UDF and v*
T-type data, since T-type data is effectively the hardest sub-
set of A-type data (excepting perhaps S-type data). There

Overall, though this is only on a single shape with a sim-
plistic set of scenarios, it suggests that each data type has
information that the other types cannot completely make up
for, especially for U, O, T, and S data.

D.1. v* Extraction

is also significant overlap between U-type and B-type data We obtain v* via a fitting procedure, with a forward pass
with A-type data. Hence, we speculate that ablating T-type similar to composition (see §4.1). Starting from an already
data removes access to the most difficult (and most likely to trained (P)DDF, we define a small new SIREN network g,
have high error) of A-type samples, leading to high visibil- (five hidden layers, each size 128), which maps position to a
ity error, whereas ablating A-type data itself can in part be set of K. candidate directions, such that g, : R3 — §2xKe
accounted for by other data types (e.g., U-type). Given a position p and candidates {v}} =<, = g, (p), we can
One surprising scenario is the S-type data ablation, as compute (,« = {d(p,v;(p)),&(p, v} (p))}fil To obtain a
it worsens performance across all other data types as well. UDF depth estimate, we use
This is potentially due to the greater difficulty in the net-
work knowing when to transition between Dirac delta com- UDE(p) — o® dp. v* 3
ponents in the weight field. Q 21: ¢- () dp: Vi (P)), (32)
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where the weights we, . are based on those from our explicit
composition method:

7 E(p, vi(p))

=St ({ ST L)

We use the same 77 and €, as for composition. Note
that this formulation essentially takes the candidate direc-
tions, computes their associated distances, and then (softly)
chooses the one that has lowest distance value while still
being visible. We can also obtain v*(p) via these weights,
using

() = D ) vi ) (34)
sy U (p)
U= G

Note that, in the ideal case, v*(p) = —V,UDF(p)”, mean-
ing we could compute it with a backward pass, but we found
such an approach was noisier in practice.

To train g, to obtain good candidates, we use the follow-
ing loss:

1
Lo = g AP i)~ €p0ie)  06)
2 n * *
+ ﬁ Z %_: Ui (p)TUj (p) (37)
T JF
S @ @) + 17 G8)

where the first sum encourages obtaining the direction with
minimum depth that is visible, the second prevents collapse
of the candidates to a single direction (e.g., local minima),
and the third encodes alignment with the local surface nor-
mals (similar to the directed Eikonal regularizer; see Ap-
pendix D.2). Note that the first sum (Eq. 36) includes a d
term, which linearly penalizes longer distances, and a —¢
term, which pushes the visibility (i.e., probability of sur-
face existence in the direction v} (p), from position p) to be
high. We use K. = 5,7, =5 x 1073, and 74 = 0.1. Opti-
mization was run for 10* iterations using Adam (LR: 10~%;
B1 = 0.9, B2 = 0.999). Each update used 4096 points,
uniformly drawn from the bounding volume (p ~ U[B]).

D.2. Surface Normals of v*

Let v* be defined as in §4.2 and choose p such that v*(p)
is not multivalued (i.e., neither on S nor on the medial sur-
face of S). Recall that, by definition,

UDF(p) = d(p,v"(p)) (39)
and .l )T
=n v)) = L~ b, v

n(p,’t}) - (q(pv )) vad(p, U)H (40)
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where n(p,v)Tv < 0 (see Property II). Then, by Eq. 39,
VpUDF(p) = V,d(p, v*(p))
Vpd(p,v*(p))
= ||Vpd(p,v*(p L
1Vrdte OO, atp, v o)
= ||V, UDF(p)[| n(p, v*(p))"
=n(p,v*(p)7,

via the S/UDF Eikonal equation in the last step.
Finally, by the directed Eikonal property (I), we have:

V,UDF(p)v*(p) = Vypd(p,v*(p))v*(p) = -1,

meaning V,UDF(p) = —v*(p)”. Indeed, recall that the
gradient of a UDF has (1) unit norm (i.e., satisfies the
Eikonal equation) and (2) points away from the closest point
on S, which is precisely the definition of —v*(p).

(41)

E. Single-Image 3D Reconstruction

Architecture and Optimization. Our CPDDF is a mod-
ulated SIREN [41] with layer sizes (512, 512, 512,
256, 256, 256, 256). Note that we use a softplus ac-
tivation instead of ReLU, when multiplying the modulator
to the intermediate features. The encoders (one ResNet-18
for the camera, and another for inferring the latent condi-
tioning shape vector) take 128 x 128 RGBA images as in-
put. However, when rendering the visibility mask for £y,
we output 64 x 64 images. We set yr.s = 1, yrm = 5,
and vg » = 10. We also used small weight decays on the
camera and shape predictors (10~ and 103, respectively).
Training ran for 100K iterations with AdamW [39] and a
batch size of 32. We used dim(z;) = 512 and a SIREN
initializer of wy = 1.

Shape-fitting Loss. We use the same settings as the
single-shape fitting experiments, with slight modifications:
Yd = 5’ Ve = 10’ Tn = 109 w o= 1, TEd = 01’
ve,e = 0.25, and 7y = 0.1. An additional loss on the
variance of ¢ is also applied (to reduce the visibility entropy
at each point, which leads to fuzzy renders):

Ly =v.e(p,v)[1 = &(p,v)], (42)
where we set vy ¢ = 0.25. This encourages less blurriness
in the shape output due to uncertainty in the visibility field.
For minibatches, we sample 1.2K (A and U) and 300 (S,
B, T, and O) oriented points per shape, with each minibatch
containing 32 shapes.

Camera Loss. The camera fitting loss Ly utilizes a
camera representation only involving extrinsic position (the
camera is assumed to be looking at the origin). In partic-
ular, we use the azimuth, elevation, and radius representa-
tion of the camera position. Before computing the Lo loss,
we z-score normalize each element, based on the training
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Figure 12. Single-image 3D reconstruction visualizations on held-out data. Per inset, columns represent (i) the input RGB image, (ii) the
visibility 5 (iii) the depth d (iv) the normals 7, (v) the sampled point cloud (PC) from the DDF, and (vi) a sample from the ground-truth
PC. Quantities (ii-v) are all differentiably computed directly from the CPDDF and 11, per point or pixel (i.e., no post-processing needed).
PC colours denote 3D coordinates. A high-error example is in the lower-right of each category. See also Fig. 8 and §E.2.

set statistics. We also restrict the predicted camera I to be
within the range of the parameters observed in the dataset.

Rendering Scale Factor. We note that an additional
scale factor is needed for rendering DDFs for ShapeNet.
Since ShapeNet shapes are normalized with an instance-
dependent measure (the bounding box diagonal), one needs
to know the scale to reproduce the output image. This is
an issue as our CPDDF always outputs a shape in [—1,1]3,
with training data normalized to have longest axis-aligned
bounding box length equal to two. Further, it creates an am-
biguity (with respect to the output image) with the camera
position (radius from the shape). At train time, before ren-
dering to compute L, we use the ground-truth scale factor.
At test time, we estimate it by sampling a point cloud and
measuring the diagonal.

Data Extraction. We use the ShapeNet-v1 [4] data and
splits from Pixel2Mesh [75, 76], with the renders by Choy
et al. [6]. For DDF training, per data type, we sample 20K
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(A and U) and 10K (S, B, T, and O) training samples per
shape, using the watertight form of the meshes (via [23]),
decimated to 10K triangles. These samples are only used
for training, not evaluation, and are in a canonical aligned
pose. We set the maximum offset size for O-type data as
eo = 0.02 (see §B); remaining parameters are the same as
those used for single shapes (see §C).

Explicit Sampling Details. We also remark that our ex-
plicit sampling algorithm slightly oversamples points ini-
tially (when requesting a point set of size n,, we actually
sample (1 + €,)n, via p ~ U[B]). The final point cloud,
however, is sorted by visibility (i.e., by £(p,v*(p))) and
only the top n,, points are returned. We used €, = 0.1 in
all experiments. This is to prevent outputting non-visible
points.

PC-SIREN Baseline Details. Recall that the PC-SIREN
is our architecture-matched baseline, with identical en-
coders and a nearly identical decoder architecture to the



DDF
m,L TI,-S ML IS

Do | [ 0477 0532 0.861 0928

Chairs  F, 1 | 5437 4726 4681 40.35
Fo, t | 7162 6633 63.09 58.09

Do [ 0201 0231 0.748 0.799

Planes F, 1 | 80.69 76.71 63.86 60.48
Fo, 1| 9023 8849 7530 73.55

Do || 0235 0309 0545 0.628

Cars  F, 1 | 6821 5736 59.84 49.98
Fo, 1 | 83.99 7641 7687 69.32

Table 3. Single-image 3D reconstruction results with Ng = 1.

DDF one. Here, the decoder is a mapping f, : R? — R3,
which is trained to compute f,(p) € S from p ~ [—1,1]3,
but uses an identical set of SIREN hidden layers as the DDF.
A set of sampled random points can thus be mapped into a
point cloud of arbitrary size. The baseline has 25,645,574
parameters, while the DDF-based model has 25,647,367 pa-
rameters. The camera loss L7 is unchanged and the mask-
matching loss £/ is not used. The shape-fitting loss £g is
replaced with a standard Chamfer loss D¢ [15], computed
with 1024 points per shape with a batch-size of 32. The
remaining aspects of training remain the same.

E.1. Ablation with Ny =1

Recall that Ny is the number of times to “cycle” the
points (projecting them towards the surface via the DDF)
when sampling an explicit point cloud shape from a DDF
(see §4.3). We show results with Ny = 1 in Table 3. In
most cases, it is slightly worse than using Ny = 3, by 1-3
F-score un/i\ts; occasionally, however, it is marginally better:
on Planes-I1, it has slightly lower D, though this does not
translate to better F'-score.

E.2. Additional Visualizations

Some additional visualizations are shown in Fig. 12. For
highly novel inputs, we also observe that, sometimes, the
network does not adapt well to the shape (e.g., see the chairs
example in the second row and second column). While
much error is due to the incorrectly predicted camera, the
DDF outputs can also be a bit blurrier, especially when it is
uncertain about the shape. This can occur on thin structures,
which are hard to localize (e.g., the chair legs in either row
one and column one, or row three column two), or atypi-
cal inputs (e.g., row three, column two of the cars exam-
ples), where the network does not have enough examples to
obtain high quality geometry. One can also see some non-
uniform densities from our point cloud sampling algorithm
(e.g., concentrations of points on the chair legs in column
two, or on the wheels of several examples of cars).
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Figure 13. Two-stage unpaired generative modelling architecture.
Upper inset: VAE formulation mapping a point cloud P and asso-
ciated normals N to latent shape vector z via PointNet encoder F,
and decoding into depth values via conditioning a PDDF. Lower
inset: latent shape zs and camera II are randomly sampled and
used to render a surface normals image I,,, via the derivatives of
the learned conditional PDDF (see Property II). The normals map
I,, is then concatenated () with a sampled latent texture z7, and
used to compute the final RGB image I = fr(In, zr). Coloured
circles indicate random variables sampled from a particular distri-
bution; dashed lines indicate computation with multiple forward
passes (per point or pixel).

F. Generative Modelling

See Fig. 13 for a diagram of our two-stage 3D-to-2D
modality translation architecture. See also Fig. 14 and 15
for additional sample visualizations (as in Fig. 9).

F.1. Shape VAE

The first stage learns a VAE [29, 58] on 3D shape, in
order to (i) obtain a latent shape variable z, that is approx-
imately Gaussian distributed, and (ii) learn a CPDDF using
zs that can encode a shape in a form that is easily and ef-
ficiently rendered, yet still encodes higher order shape in-
formation. We learn a PointNet encoder [54] F that maps
a point cloud with normals (P, N) to a latent shape vector
zs = E(P, N). The conditional PDDF (CPDDF) then acts
as the decoder, computing depth values as d(p, v|z,) for a
given input. To implement conditional field computations,
we use the modulated SIREN approach [41]. This can be
trained by the following 3-VAE loss [20]:

Lvag = £s + BLkL, (43)
where Lk1, is the standard KL divergence loss between a
Gaussian prior and the approximate VAE posterior, and £g
acts analogously to the reconstruction likelihood. We use
single categories of ShapeNet [4] to fit the Shape VAE.

Data. Data is extracted from 1200 randomly chosen
shapes from ShapeNet-v1 cars [4], sampling 60k (A and U)
and 30K (S, B, T, and O) oriented points. We downsample
shapes to 10K triangles before extraction. For minibatches,
we sample 1.2K (A and U) and 300 (S, B, T, and O) ori-
ented points per shape, with each minibatch containing 32
shapes. We also sample point clouds P (with normals V)
of size 1024 to send to the PointNet at each minibatch.
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Figure 14. Additional example samples from the Shape VAE and translational image GAN.
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Figure 15. Additional example interpolations from the ShapeVAE
and translational image GAN.

Architectures. The PointNet encoder follows the
standard classification architecture [54], with four
ConvlD-BatchNorm-ReLU blocks (sizes: 64, 64,
128, 1024), followed by max pooling and a multilayer
perceptron with Linear-BatchNorm—-ReLU blocks
(two hidden layers of size 512; dropout probability 0.1).
No point transformers are used. The final output is of size
2dim(zs). We then compute the approximate variational
posterior q(zs| P, N) = N (zs|p(P, N), (P, N)) with two
networks for mean p and diagonal log-variance matrix ¥,
each structured as Linear—-ReLU-Linear (in which
all layers are of dimensionality dim(z,); note that each
posterior parameter network takes half of the vector output
from the PointNet encoder as input).

For the decoder, we use eight layers (512, 512,
512, 512, 256, 256, 256, 256) (with the mod-
ulated SIREN [41]). We set dim(z5) = 400 and dim(z7) =
64.

Training. We run for 100K iterations, using 8 = 0.05,
Y4 = 9, Ve 10, v» = 10, v = 1, 7gq = 0.1,
v, = 0.1, vv¢ = 0.1, and yr = 0.1. Adam is used for
optimization (learning rate 10~%; 3; = 0.9, B2 = 0.999).
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F.2. Image GAN

After training a Shape VAE, the CPDDF decoder can be
used to render a surface normals image I,, (see §3.2 and
Fig. 5). To perform generation, we first sample latent shape
zs ~ N(0,I) and camera II, which includes extrinsics
(position and orientation) and focal length, following with
normals map rendering to get [,,. We then use a convolu-
tional network fr to obtain the RGB image I, based on the
residual image-to-image translation architecture from Cy-
cleGAN [85]. This is done by sampling zr ~ N(0, ) and
computing It = fr(I,, zr), where one concatenates zr to
each pixel of I,, before processing. Notice that z,, zr, and
II are independent, while the final texture (appearance) de-
pends directly on zp, and indirectly on z4 and II, through
I,.

For training, a non-saturating GAN loss [ | 3] with a zero-
centered gradient penalty for the discriminator [42, 61] is
used (as in [3,47]). To ensure that fr preserves information
regarding 3D shape and latent texture, we use two consis-
tency losses:

Los =MSE(I,,I,) & Lcx=MSE(zr,%r), (44)

where MSE is the mean squared error, fn = gr(Ir) (with
gr having identical architecture to fr), and zZp = hr(I7)
(with hAp implemented as a ResNet-20 [16,21]). The first
loss, L¢ s, encourages the fake RGB image I to retain the
3D shape information from I,, through the translation pro-
cess (i.e., implicitly forcing the image resemble the input
normals) while the second loss, L¢, T, does the same for the
latent texture (implicitly strengthening textural consistency
across viewpoints). The final loss for the GAN image gen-
erator is

Laan = La +7¢,5Lcs +verle T, (45)

where L4 is the adversarial loss for the generator and the
last two terms enforce consistency (see also [1,26,45]). We



fit to the dataset of ShapeNet renders from Choy et al. [6].
Note that information on the correspondence with the 3D
models is not used (i.e., the images and shapes are treated
independently).

Generation process. Recall that our generation process
can be written It = G(zs, 27, I1) = fr(L,(zs, 1) ® 27),
where I,,(zs,II) denotes the CPDDF normals render (see
§3.2) and @ refers to concatenating z7 to every pixel of I,,.
For latent sampling, z,, zr ~ N(0,I), while the camera
IT is sampled from the upper hemisphere above the object,
oriented toward the origin at a fixed distance and with a
fixed focal length. The image size was set to 64 x 64.

Networks. The translation network fr exactly follows
the architecture from CycleGAN [85] consisting of resid-
ual blocks (two downsampling layers, then six resolution-
retaining layers, followed by two upsampling layers), using
the code from [86]. The normals consistency network, gr,
has identical architecture to fr, while the texture consis-
tency network, hr, is a ResNet-20 [16,21]. We utilize the
convolutional discriminator implementation from Mimicry
[33], based on DCGAN [55].

Training. Our image GAN is trained in the standard
alternating manner, using two critic training steps for ev-
ery generator step. The non-saturating loss [13] was used,
along with a zero-centered gradient penalty [42,61] (with a
weight of 10 during critic training). We used the following
loss weights: yc,s = 1 and ¢+ = 1 For optimization,
we use Adam (learning rate 10=%; 3; = 0.0, B2 = 0.9) for
100K iterations (with the same reduce-on-plateau scheduler
as in Appendix C).

2D GAN Comparison. As mentioned in the paper, we
trained a convolutional GAN with the same loss and critic
architecture using the Mimicry library [33]. We evaluated
both our model and the 2D GAN with Frechet Inception
Distance (FID), using torch-fidelity [49] with S0K samples.
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