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Abstract—The paper describes a novel numerical symbolic 
regression method. It’s called complete binary variational genetic 
programming. We use it for synthesis of optimal control. This 
method performs better than genetic programming at crossover, 
reduces the search area and speeds up search algorithm by using 
small variations. The efficiency of the new method is proven on the 
given example of control system synthesis for mobile robot. 

Keywords-synthesis of control; optimal control; symbolic 
regression; genetic programming. 

I.  INTRODUCTION 
The problem of synthesis of control consists of finding of 

control operator or function, that depends on a vector of the state 
space. At the deciding the problem of synthesis we have to find 
the mathematical expression of the control function, because the 
function has to be work for different positions of control object. 
The structure of mathematical expression of control function can 
be found by methods of symbolic regression. Arguments of 
function of control are coordinates of state space of the control 
object. Integral target functional is defined in the form of 
minimum of error of hitting terminal point and minimum of time 
of target hit. In case of some constraints the penalty is defined, 
which increases value of integral target functional when an 
object is in the area of a certain constraint point. 

Numerical methods of symbolic regression apply to the 
solution of the problem of synthesis of control long ago [1-8]. 
Some methods as the network operator [3-6], variational genetic 
programming [7], and analytic programming [8] use a 
variational genetic algorithm to search of optimal solution. The 
known methods of genetic and analytical programming, as well 
as other well-known method of grammatical evolution [9], have 
an essential shortcoming for an algorithm of evolutionary 
search. These methods use a genetic algorithm at search of the 
optimal solution. The main operation of genetic algorithm is a 
crossover. Performance of this operation demands exchange of 
subsets of codes in the possible decisions selected for the 
crossover. As a result, we often can receive codes of different 

length. It is very uncomfortable for further search. The new 
method uses the principle of small variations of the basic 
solution [10] as well as variational methods of genetic and 
analytical programming. We can obtain an incorrect code after 
some variations in methods of variational genetic and analytical 
programming. Then we have to spend time for code correction. 
It is time-consuming and contradicts the principle of small 
variations. 

The paper presents a novel symbolical regression method of 
binary variational genetic programming. This method is an 
improving of binary genetic programming [11]. When 
performing crossover, this method does not change the code 
length, and does not require correction of code at any variations. 
It presents mathematical expressions as complete binary 
computing trees and codes them in the PC memory as ordered 
finite sets of integers. Binary functions of mathematical 
expressions are placed in the nodes of the tree-graphs. Unary 
operations are placed on the edges of the graph. Arguments, 
parameters, and unit elements for binary operations are placed 
in the leaves of the trees or source-nodes of the graphs. The set 
of functions with one argument has to include the identity 
function. We add constant parameters as arguments of 
mathematical expression to increase the number of functions 
used in the search. We search the values of constants as well as 
the structures of the mathematical expressions. 

Search of the optimal solution is carried out by a variational 
genetic algorithm. For this purpose, we define small variations 
of a binary computing tree and set one basic solution. We carry 
out all operations of the genetic algorithm on sets of small 
variations of the basic solution. 

II. THE PROBLEM OF SYNTHESIS OF CONTROL SYSTEM 
Consider the formal problem statement of synthesis of 

control system [4]. 

Set a model of control object [4] 

This research was supported by Russian Foundation for Basic Research 
according to the research project . 17-08-01203-a 

Authorized licensed use limited to: Wikipedia. Downloaded on June 22,2024 at 14:29:21 UTC from IEEE Xplore.  Restrictions apply. 



                                                                                                                                          187

 ),( tux,fx = , (1) 

where x  is a vector of state, nRx ∈ , T
nxx ][ 1=x , u  is a 

vector of control, mRu∈ , T
muu ][ 1=u , nm ≤ , t  is time. 

Set constraints on the control [4] 

 mRu ⊆∈U , (2) 

where U  is a compact set. 

Given a set of initial conditions [4] 

 nRx ⊆∈ 0
0 X ,  

where 0X  is a domain of the state space or a set of points of 
initial positions at the computation synthesis, [4] 

 },,,{X ,02,01,0
0

Mxxx= . (3) 

Set a terminal point [4] 

 nf Rx ∈ . (4) 

Given phase constraints [4] 

 0)( ≤xig , ri ,,1= . (5) 

Set a criterion of control as an integral goal function [4] 

 min))),((),((~

0
0 →=

T
dtttxtfJ ux , (6) 

where 

 ε<−<= +

+

otherwise  -  
||)(||  and   if  ,

t
ttttT

f xx  , (7) 

ε  is a small positive value, +t  is a set limited value of time,  

 },,1|:)({|max||)(|| nitxxt i
f
i

i

f =−=− xx . (8) 

At the decision of the problem we have to find a control 
function depending on a vector of the state space coordinates [4] 

 )(xhu = , (9) 

where )(xh  - is a limited multi-dimension function
mn RRxh →:)( , nRx ∈∀ , mRxh ⊆∈ U)(  [4]. 

In order to consider phase restrictions, we will include them 
in the goal function 

 
=

χ+=
ft r

i
ii dtggtxtfJ

0 1
0 ))()(()))((),(((

~~ xxux , (10) 

where )(aχ  is Heaviside step function [4] 

 >=χ otherwise  ,0
 0 if   ,1)( aa . (11) 

The synthesizing function (9) has to supply the achievement 
of control target (4) from some initial positions (3) with 
optimum values of the quality criterion (10). We change the 
criterion (10) on the sum of goal functions (10) for each initial 
position from the set (3) 

 min
~~))((

1 )0( ,0
→=

= =

M

j
j

JJ
xx

xu . (12) 

To decide the task, we apply the new symbolic regression 
method, which has to find the function by an evolutionary 
algorithm.  

III. BINARY VARIATIONAL GENETIC PROGRAMMING  
To construct a code of binary genetic programming we set 

the basic sets of functions and arguments: 

- a set of arguments of mathematical expression [11] 

 ),,,,,(F 110 PN qqxx= ; (13) 

- a set of functions with one argument [11] 

 ))(,),(,)((F ,12,11,11 yfyfyyf R==  [11]; (14) 

- a set of functions with two arguments [11] 

 )),(,),,((F 21,2211,22 yyfyyf S= ; (15) 

- a set of unit elements for functions with two arguments [11] 

 ),,(E 12 See= . (16) 

It is necessary that the identity function have included in the 
set of functions with one argument [11] 

 yyf =)(1,1 . (17) 

Functions with two arguments from the set (15) must have a 
unit element from the set (16) [11], 221,2 F),( ∈∀ yyf i  

2E∈∃ je  

 22,2 ),( yyef ji = , 11,2 ),( yeyf ji = ,  (18) 

where },,1{, Sji ∈ . 
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Before obtaining a code of mathematical expression we 
include the set of unit elements (16) into the set of arguments 
(13) of mathematical expression, a set of unit elements [11] 

 ,,,,,,(F 1111 PPNNNN qfqfxfxf ===== ++   

 ),11 SSPNPN efef == ++++ . (19) 

Firstly, we write down mathematical expression in the form 
of composition of elements of mathematical expression, 
functions, variables and parameters  

 
KK

ffffffy αααααα == 2121 ))(( , (20) 

where 21 FFF ∪∪∈αif , Ki ,,1= . 

Assume we have set the most quantities of nesting of 
components in function composition. Let the most quantities of 
nesting is equal L . As a result we obtain a binary computing 
tree with level L . The tree with L  levels has L2  leaves. We 
present a mathematical expression as a computing complete 
binary tree (see Fig. 1) 

In the fig.1 a  is number of an element of set F  (13) of 
arguments of mathematical expression, b  is number of function 
with two arguments from the set 2F  (15), u  is number of 
function with one argument from the 1F  (14).  

 
Figure 1.  A comlete binary computing tree 

In every level the tree has the same quantity of integers for 
numbers of functions with one and two arguments. The down 
level includes numbers of functions with one arguments and 
numbers of elements from the set of arguments of mathematical 
expression. For completing of the level we use any function with 
two arguments with its unit element and the identity function. 
As a result, we obtain code for mathematical expression in the 
form of ordered set of integers. Each number focuses to 
functions with one or two arguments, and numbers of elements 
from the set of arguments of mathematical expression om the 
last level. 

 ,,,,,,(C 2,21,22,21,211 bbuubu=   

 ),,,,,,,,
2,2,1,2,2,1, LL LLLLLL aaauuu . (21) 

Consider an example. Let mathematical expression be set 

 ))cos(sin( qxeg qx += − .  

For the mathematical expression, we have sets 

 ,)(,)(,)((F 3,12,11,11 yyfeyfyyf y −====   

 ))sin()(),cos()( 5,14,1 yyfyyf == ,  

 ),),(,),((F 21212,221211,22 yyyyfyyyyf =+== ,  

 )1,0,,(F 4321 ===== ffqfxf .  

Here 0 is a unit element for summation function and 1 is unit 
element for production function. 

We present the mathematical expression in the form of 
composition of nesting functions from the sets 

 )))),((())),,(((( 1,25,14,12,23,12,12,2 qxfffxqffffg = .  

We have for our case nested depth is three. The fig. 2 shows 
complete binary computing tree for the mathematical expression 

 
Figure 2.   A comlete binary computing tree for the mathematical expression 

The code of mathematical expression is 

 )3,3,2,1,3,3,2,1,1,1,1,1,1,1,1,1,1,1,1,2,1,5,1,3,1,1,4,2,2,1(C = .  

For calculation of mathematical expression, we use an 
ordered set of real variables with the same cardinal number as 
the code.  

 ),,(Y 301 yy= .  

Calculate mathematical expression from the end  
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 )0,0,,,0,0,,,0,0,,,0,0,,,,,(Y 141 qxqxqxqxyy= ,  

 ),0,,0,,,,(Y 101 qxxqyy += ,  

 ),0),sin(,0,,,,(Y 61 qxxqyy +−= ,  

 )),sin(,)),cos(sin(,,,(Y 21 qxxqqxeyy xq +−+= − ,  

 ))),cos(sin()),cos(sin((Y qxeqxe xqxq ++= −− .  

IV. A VARIATIONAL GENETIC ALGORITHM 
A variational genetic algorithm uses the principle of small 

variations [10]. For using of this principle we define a small 
variation of a code in the form of the integer vector with two 
components [10] 

 Tww ][ 21=w , (22) 

where 1w  is a number on order of element in a code, 2w  is a 
new integer number for element of the code in position 1w . 

Assume a code of mathematical expression 

 ),,(C 1 Kcc=  (23) 

is described by a binary tree with L  levels. Then 

 22 2 −= +LK . (24) 

When we have (22)  than we obtain a new code [10] 

 ),,,,(C
1

21 K

w

cwc=w . (25) 

For small variation (22) the following rules are right 

 }22,,1{ 2
1 −∈ +Lw , (26) 

 
−≤≤−⋅

≤≤−⋅
−⋅≤≤−

∈
+

+−

−

22123 if  |},F|,,1{
 2-2123  if  |},F|,,1{

22312  if  |},F|,,1{

2
1

1
1

1
2

1
11

1
LL

ii

ii

w
w

w
w , (27) 

where  ,,1 Li = . 

Genetic operations in a variational genetic algorithm are 
carried out on sets of variation vectors (22). A genetic algorithm 
constructed on the principle of small variations consists of the 
following steps: 

1) Give a basic solution by the theoretic researches or on 
the expirience of the researcher 

 ),,(C 00
10 Kcc= ;  

2) Generate randomly ordered sets of variation vectors 

 }W,,{W1 H=Ω ,  

where iW  is an ordered set of variation vectors (22)  

 ),,(W ,1, lii
i ww= ,  

Tjijiji ww ][ ,
2

,
1

, =w , ,l,j 1= , ,H,i 1= , l  is a length 
variation or quantity of small variations in one of the set of 
variations.  

Operations crossover and mutation are applied to the sets of 
small variations [10]. We select two parents 

),,(W ,1, lii
i ww=  and ),,(W ,1, ljj

j ww=  like in any 
genetic algorithm, and randomly determine a point for crossover 

},,1{ l∈  and then we exchange tails of the selected parents 

 ),,,,,(W~ ,,1,1, ljjii
i wwww −= ,  

 ),,,,,(W~ ,,1,1, liijj
j wwww −= .  

For an operation of mutation we randomly create two points 
of mutation },,1{, l∈ημ . Then we randomly generate two 

new variations vectors in the positions μ  Tiii ww ][ ,
2

,
1

, μμμ =w  

and η Tiii ww ][ ,
2

,
1

, ηηη =w for both new solutions. 

V. COMPUTATIONAL EXPERIMENT 
Let a mobile robot is considered as a control object [12] 

 )cos(
2 3

21
1 x

uu
x

+
= ,  

 )sin(
2 3

21
2 x

uu
x

+
= ,  

 
2

21
3

uu
x

−
= ,  

where restrictions on controls are set, 1010 2,1 ≤≤− u . 
We must find a control function for the object, that will move 

it from any initial condition 

 ,]01110[ ,]01010[{X 2,01,0
0

TT === xx   

 }]01111[ ,]01011[ 4,03,0 TT == xx  

 to the terminal condition 

Tf ]000[=x  
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for minimal time. 

The goal function has the following form 

 
=

+=
4

1

,0,0 ))()(())((
j

jj
f stJ xxxu ,  

where  

 ϑ=
=

ft

i
ii

j dttgtgs
0

2

1

,0 ))(()))((()( xxx ,  

ft  is a time of control process and it is defined by equation (7). 

 0)~)(()~)(())(( 2
2,12

2
1,1111 ≤−+−−= xtxxtxrtg x ,  

 0)~)(()~)(())(( 2
2,22

2
1,2122 ≤−+−−= xtxxtxrtg x .  

where 01.0=ε , 8.2=+t . 5.21 =r , 5.22 =r , 5.7~
1,1 =x , 

5.7~
2,1 =x , 5.2~

1,2 =x , 5.2~
2,2 =x . 

At search of solution we use the following functions with one 
argument: 

 yyf == )((F 11 , 2
2 )( yyf = , yyf −=)(3 ,  

 ||)sgn()(4 yyyf = , 
y

yf 1)(5 = , yeyf =)(6 ,  

 |)ln(|)(7 yyf = , 
y

y

e

eyf
−

−

+
−=

1
1)(8 , ≥= otherwise  -  0

0  if  1,)(9
yyf ,  

 )sgn()(10 yyf = ,   3
14 )( yyf = , 3

15 )( yyf = ,  

 ≤= otherwise  - )sgn(
1||  if  ,)(16 y

yyyf , )1|ln(|)sgn()(17 += yyyf ,  

 )1|exp(|)sgn()(18 −= yyyf , ))( 3
23 yyzf −= .  

The set of functions with two arguments were 

 212112 ),((F yyyyf +== , )),(, 21212 yyyyf = .  

A basic solution was the following 

 )()()( 3332221112,1 xxqxxqxxqu fff −+−+−= .  

where 1=iq , 3,,1=i . 

We used the following parameters of a genetic algorithm: 
cardinal number of elements in initial set is 512, number of 

generations in one epoch before exchange of a basic solution is 
65, number of possible crossovers and mutations in one 
generation is 128, general number of generations is 128, length 
of variation or number of small variation in one possible solution 
is 8, probability of mutation is 0.7.  

We have obtained the following code of solution: 1, 1, 1, 1, 
1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 3, 1, 1, 1, 1, 1, 6, 1, 1, 1, 1, 1, 2, 1, 1, 1, 
10, 1, 1, 1, 3, 1, 1, 4, 1, 4, 1, 1, 1, 5, 1, 1, 2, 2, 2, 2, 2, 2, 1, 2, 2, 
2, 1, 2, 2, 2, 2, 2, 1, 1, 1, 1, 1, 1, 1, 1, 1, 9, 1, 1, 1, 4, 1, 1, 1, 1, 1, 
1, 1, 3, 1, 1, 1, 1, 1, 6, 1, 1, 1, 1, 0, 6, 1, 4, 2, 5, 0, 3, 4, 4, 2, 5, 0, 
6, 2, 4, 2, 5, 0, 3, 1, 4, 1, 5, 0, 3, 1, 4, 2, 5, 0, 3. 

The values of components of controls were in positions 3 and 
4 of the obtained code. The code corresponds the following 
mathematical expressions for control 

 >= otherwise  -  ~
10|| if ,10)sgn(

i
ii

i u
uuu , 2,1=i ,  

where  

 +−−+= 22111331 )sgn(~ xqxxqxqu   

 ||)sgn( 3231233 xqxxqxq ++− ,  

 ++−+= 2322111332 ||)sgn(~ xqqxxqxxqu   

 1133
22

11 )exp(
1exp xqxq
qx

xq +++ ,  

3.409181 =q , 68164.02 =q , 63184.33 =q . 

Fig. 3 shows results of simulation of robot movement from 
four initial conditions. Red areas are dynamic phase constraints 
which were successfully avoided. Found control gave the 
following results: time of control process – 59.2=t , accuracy 
of implementation of the terminal conditions is 0084.0 . Fig. 4 
shows the angle of the speed direction of the mobile robot, fig. 
5 and fig. 6 show values of control 1u  and 2u  respectively for 
one of the initial conditions. 

 
Figure 3.  Trajectories of movement of robot from four intial conditions 
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Figure 4.  The angle of the direction of the mobile robot 

 
Figure 5.  Control 1u  

 
Figure 6.  Control 2u  

VI. CONCLUSIONS 
The paper has presented a new symbolic regression method 

of complete binary variational genetic programming. The new 
method codes a mathematical expression in the form of a set of 

integer numbers. Every element of the code is a number of 
element from the sets of functions or number of variables or 
parameters. The order of numbers in the code connects with 
levels of complete binary computing tree. A computational 
experiment showed as the new method have solved the problem 
of synthesis of optimal control for mobile robot. We obtained a 
mathematical expression for control function depending on the 
state of the object The experiment showed the efficiency of the 
new method of symbolic regression. 
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