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Brief Papers

Combining Mutation Operators in Evolutionary Programming

Kumar Chellapilla

Abstract—Traditional investigations with evolutionary pro-  [8], mutation strategies consisting of combinations of these
gramming (EP) for continuous parameter optimization problems two operators that can exploit their desirable properties have
have used a single mutation operator with a parameterized proba- been proposed [9]-[11]. Two mutation operators are offered

bility density function (pdf), typically a Gaussian. Using a variety . . o .
of mutation operators that can be combined during evolution here that consist of linear combinations of the Gaussian and

to generate pdf's of varying shapes could hold the potential for Cauchy mutation operators. Their performance both in terms
producing better solutions with less computational effort. In view of the quality of the solutions produced and the rate of
of this, a linear combination of Gaussian and Cauchy mutations optimization is empirically investigated on a suite of well-
is proposed. Simulations indicate that both the adaptive and known test functions.

nonadaptive versions of this operator are capable of producing

solutions that are statistically as good as, or better, than those

produced when using Gaussian or Cauchy mutations alone. Il. BACKGROUND
Index Terms—Cauchy mutation, evolutionary programming, Evolutionary algorithms address the problem of global
Gaussian mutation, variation operators. optimization (minimization or maximization) in the presence
of multiple local optima. A global minimization problem can
|. INTRODUCTION be formalized as a paifs, f), whereS C R™ is a bounded

set onR™ and f: S — R is an n-dimensional real-valued

EVOLUTIONARY algorithms, such as evolutionary Pro-t nction. The problem is to find a point.;, € S such that
gramming (EP), evolution strategies (ES), and geneti

: i : : ﬁzmin) is a global minimum onS. More specifically, it is
algorlthms (GA’s), operate on a_pqpulatlon of candidate SPéquired to find ane,,, € S such that

lutions and rely on a set of variation operators to generate

new offspring. Selection is used to probabilistically promote Ve € S f(amm) < f(2). Q)
better solutions to the next generation and eliminate less-fit ) )

solutions. Conventional implementations of EP [1] and ES [ﬂeref does not need to be continuous but it must be bounded.

for continuous parameter optimization use Gaussian mutations
to generate offspring. A. Conventional Evolutionary Programming

Recently, Cauchy mutations have been proposed for useConventional evolutionary programming (CEP) using the
with EP and ES [4], [5], inspired by fast simulated anGaussian mutation operator (GMO) and lognormal self-
nealing [3]. The lognormal self-adaptation scheme [6], [ddaptive mutation for continuous parameter optimization is
was extended for evolving scale parameters for these Caugfylemented as follows.
mutations. Empirical studies showed that on the tested mul-1) |pitialization: Generate an initial population of indi-
timodal functions with many local minima, EP using Cauchy viduals, and set the generation numbeto one. Each
mutations outperformed EP using Gaussian mutations, whereas individual is taken as a pair of real-valued vectors,
on multimodal functions with few local minima the differences (xi,04), Vi € {1,...,u}. Thez;’s give theith mem-

were not statistically significant [6], [7]. The fatter tails of the ber's object variables ane;’s the associated strategy
Cauchy distribution generate a greater probability of taking parameters. The object variables typically are the real
large steps, which could help in escaping local optima, and parameters to be optimized and the strategy parameters
this has been offered as a possible explanation for its enhanced represent standard deviations of the associated Gaussian
performance [6]. These studies, however, limited mutations to  utations [see Step 3)].

a single class of parameterized probability density functionsy) gyaluate the objective functiorf{z;), for each individ-

(pdf's), namely either Gaussian or Cauchy. ual, (z;,0), Vi € {1,...,u}.
useful in escaping local optima while Gaussian mutations ' parent(z:,0:), Vi € {1,..., 4} by

provide relatively faster local convergence on convex functions
oi(j) = oi(j) exp(TN(0,1) + 7'N;(0,1))  (2)
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o}, respectively.N(0, 1) denotes a normally distributed 0.5
one-dimensional random number with mean zero and
standard deviation oné/; (0, 1) indicates that a different
random number is generated for each valuej.offhe
factors 7 and 7/ are commonly set td/(v/2n) and
1/(\/2+/n), respectively [2], [6]. 0.3r
4) Fitness Calculate the objective function valy&z;) of
each offspring(z},0%), Vi € {1,...,p}. 0.2}
5) Selection Conduct pairwise comparison over the
union of parents (z;,0;) and offspring («},0?),
vi € {1,...,u}. For each individual,; opponents
are chosen randomly from all the parents and offspring
with equal probability. For each comparison, if the 0
individual's objective function value is no greater

than the opponent’s, it receives a “win.” Select the

snlivi . T, ; Fig. 1. The pdf of the mean random numbers in comparison with the
individuals out Of(z“ JZ) and(z o )’ Vi€ {1’ PR /“L}' standard Gaussian and Cauchy pdf's. Among the three pdf's there exists a

that have the most wins to be parents of the neyhdeoff between the probabilities of generating very small (0.0-0.6), small

- Gaussian
--- Cauchy
Y| —— MeanRand |

0.4-

f(x)

generation. (0.6-1.2), medium (1.2-2.0), large (2.0-4.8), and very largé 8) mutations.
6) Stop if the halting criterion is satisfied; otherwise, in-

crement the generation numbér,= &k + 1, and go to TABLE |

Step 3). PROBABILITY OF GENERATING DIFFERENT DEGREES OF

MurtaTions Using THE GMO’s, CMQO'’s, aAND MMQ’ s

In the current simulations, since the amount of computing

time required to obtain solutions of a desired quality were Probability of generating
not knowna priori, the halting criterion was taken to be a . mutations
. . . Degree of Mutation
certain maximum number of generatiofig, ).
Self-adaptive update schemes, in conjunction with selection, Largest | Middle | Smallest

favor strategy parameters that yield a higher probability of
improving the quality of the parent. For convex objective
functions, when using mutations drawn from a zero mean sym- small (0.6-1.2) GMO MMO CMO
metric density function, this probability of improvement peaks
at 0.5 for infinitesimally small step sizes. Thus self-adaptation
can be biased toward lowering the standard deviations too large (2.0-4.8) CMO MMO GMO
quickly resulting in stagnation (described as an extremely low

very small (0.0-0.6) MMO GMO CMO

medium (1.2-2.0) | GMO CMO MMO

rate of convergence). As a safeguard against such stagnation, very large (>4.8) cMo GMo MMO

a lower bound for the strategy parameters has been proposed

[2], [6], used [4], [5], [7], and investigated [12]. When a .

lower boundb is used, allo’(j)'s that fall below b in (2) 's given by

are reset td. Z,(j) = zi(5) + 0.50%(5)(N;(0,1) + C;(0,1)).  (5)

These mean random numbers follow a pdf given by the

convolution of the Gaussian and Cauchy pdf's followed by
CEP with the Cauchy mutation operator (CMO) is obtainestaling. Mathematically

by replacing the object variable update equation given in (3

B. Mutation Operators

Wlth Dﬁ\qean(.’lj') = PDF]\T(071)(2$) % PDFC(071)(2.’IZ')
o I L ep2)l L2 )
CMO: () = 2:(4) + 0%()C5(0, 1) ) = E AT
where C(0, 1) denotes a Cauchy random number centeredahere «+ denotes the convolution operator. Fig. 1 shows the
zero with a scale parameter of one. pdf of the mean random numbers. The standard Gaussian and

Two new mutation operators are introduced, namefgauchy pdf's are also plotted for comparison. For analysis,
mean and adaptive mean mutation operators (MMO’s and based on Fig. 1, the range of mutations (absolute values)
AMMO'’s, respectively). Both of these operators consist of im [0,00) is split into five categories, very small (0-0.6),
linear combination of Gaussian and Cauchy mutations.  small (0.6-1.2), medium (1.2-2), large (2—4.8), and very large

The MMO uses two random variables (RV’s). The firs(>4.8). There exist tradeoffs among the three distributions
is distributed N (0, 1), and the second is distribute@(0,1). between the probabilities of generating very low, low, medium,
The mean of samples from these two RV’s is scaled by therge, and very large mutations. These are summarized in
self-adaptive parametes’(j) and used to perturb thgth Table I. In comparison with Gaussian mutations, the mean
component of the parent to obtain thh component of the of a Gaussian and a Cauchy generates more very small
offspring. The object variable update equation for the MM@nd large mutations. In comparison with Cauchy mutations,
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it generates more very small and small mutations. Thus

the MMO generally produces mutations that are larger than f7(x) = Z ij (14)
Gaussian mutations but smaller than Cauchy mutations. i=1 \j=1

During evolution, the shape of the pdf that produces mean fo(x) = max{|z;,i=1,...,n} (15)
mutations is fixed and the pdf parameters are self-adapted. 1 n n o
Self-adaptation of the pdf shape also, along with its param- fo(x) = o — Zﬂff - H COS<$—Z.> + 1. (16)
eters, could make the self-adaptation scheme more robust to 4000 =1 i=1 Vi

the type of objective function being optimized. Therefore, th,(_e

MMO is extended to an AMMO where the object variable unction/; is the sphere fungnon, and is a modified version
o of the Ackley function [13], with the terr@0+¢ added to move
update equation is given by

the global optimum function value to zero. Functifnis the
) = (5 ! (YN0, 1 ! ()C(0,1 extended Rosenbrock function [6]; is the noisy quadratic
@) _x (‘{) +a,“§‘])cj( )+U?ZEJ) 50, 1) function, andf; is the Rastrigin function [14]. Function,
= (7)) + G ()0, 1) + F()N;(0,1)). - (7) f7, and fs, are test problems numbered 2.22, 1.2, and 2.21

from [6, pp. 341, 326, and 340], respectively. Functifnis
The AMMO has two sets of self-adaptive paramete{gj) 0 G[rievr\)/gnk function [15] ] P y ‘Iﬁ@

andoy, (/) tha_t act as standard deviations an_d scale parameters; ., ations were conducted with Gaussian, Cauchy, mean,
of the Gaussian gnd Qauchy partst respec/uyely. The mutat adaptive mean mutation operators using a population size
step can pe r/evyntten in terms of (j) andg;(5) as givenin - 4t 50 and an opponent size= 10. Alternative choices could

(7). Where|‘nai(‘y) pla_lys the role of the overall scaling Paramepe ffered but these follow typical implementations. For all
ter andg;(j) determines the shape of the pdf. Mathematlcall¥he nine benchmark functions, was set to 30. For functions

K _ K J K _ K K
a;(j) = 03,(j) andB;(j) = 01,(7)/0%;(j). For low values of ' ¢ "oy components were initialized uniformly 100,
B;(j) the pdf resembles a Cauchy, whereas for large ValuﬁﬁO]. For fs, fi, fs, fe, f=, fs» and fo, all components
of Bi(4) it resembles a Gaussian. Thus with the variation 9/%/ere initialized in °[’_30’ 30’] [—i o8 1 2’8] [=5.12,5.12]

the o} (j) andB.(j) parameters (through the self-adaptation " 10, 10], [-100, 100], [-100, 100], and £600, 600],

Py SN .
a]}ié:]f)f andt%é(f;j ))t: |tshp033|blehto gebnirate a Ia(rsge nl,!mbee pectively. The self-adaptive parameters were initialized to
of different pdr's that have a shap€ between a Laussian afifs The termination criterion varied with the function being

a Cauchy. Since the AMMO contains twice as many Strate%)fnimized. The EP trials foyf; and f» were terminated after
parameters as the other operators, however, the time take%él

find d strat ters th h self.adaptati . 8o generations and fofs—fy were terminated after 5000
tl)n goo tsdrat\ egy parameters through seli-adaptation Mgy, o ations. The above simulation parameters were chosen
€ expected o Iincrease. following [4], [5], [7], and [9]-[11].
Two sets of 50 independent trials were conducted on each
IIl. M ETHOD of the nine test functions for each of the four mutation
CEP, with the above-described operators, was tested Or?paeratorg (GMO’.CMO’ MMO, and AMMO). The first set
. . . . R of ‘experiments did not use a lower bound for the strategy
set of nine well-investigated function minimization problems
parameters, whereas the second set used a lower bound of
n b = 0.0001 [4], [5].
A =>4 (8)
i=1

IV. RESULTS

The mean best scores and the associated results df the
test for statistical significance [16], taken over 50 independent
trials for fi—fe with and without the lower bound on the

1 n .
_ eXp(_ ZCOS(%%)) 19204 ¢ ©) strategy parameters, are presented in Table Il. Based on these
n
=1

f2(x) = —20exp| —0.2

results, EP with the four different operators was ranked

et as shown in the last two columns of Table Il (G, C, M,

Fa(x) = Z {100(%“ —xf)2+(a:i _ 1)2} (10) and A representing EP with the GMO, CMO, MMO, and

P AMMO, respectively). The operator ranked first (shown to

n the left of the table column) had the lowest mean (i.e.,

falx) = fo + U([0,1)) (11) best) function value. As an example, the entry “A, (M, G,
i=1 C)” for the results onf; without a lower bound indicates

that EP with the AMMO operators generated solutions that

wherel/([0, 1)) is a uniform random variable if0, 1) had the lowest mean function value and that these val-
" ues were unambiguously statistically significantly better than
f5(x) = Z {22 — 10cos((2mz;) + 10)} (12) those generated by EP with the MMO, GMO, or CMO. The
=1 keyword unambiguously means that the EP with AMMO
n n results were statistically significantly better in all compar-
fo(x) = Z || + H | (13) isons with the other operators. The parentheses grouping M,
i=1 i=1 G, and C indicate that the pair-wisketest results for the
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TABLE I
THE MEAN BEST SCORES AND THE UNAMBIGUOUS RANK RESULTS OF THEt-TEST FOR STATISTICAL SIGNIFICANCE [16] FOR THE EP TRIALS WiTH THE DIFFERENT
MuTaTION OPERATORS NAMELY GMOQ'’s, CMOQO'’s, MMQO'’s, AND AMMO’ s. BASED ON THE t-TEST RESULTS EP wiTH THE FOUR DIFFERENT OPERATORSWAS
RANKED AS SHOWN IN THE LAST Two CoLumns (G, C, M, AND A REPRESENTINGEP witH THE GMO, CMO, MMO, AND AMMO, RESPECTIVELY). THE
OPERATOR RANKED FIRST (SHOWN TO THE LEFT OF THE TABLE COLUMN) HAD THE LOWEST MEAN FUNCTION VALUE AT THE END OF THE TRIAL. AS AN EXAMPLE,
THE ENTRY “A,(M,G,C)” FOR THE RESULTS ON F; WITHOUT A LOWER BOUND INDICATES THAT EP wiTH THE AMMO OPERATOR GENERATED SOLUTIONS THAT
HAD THE LOWEST MEAN FUNCTION VALUE AND THAT THESE VALUES WERE STATISTICALLY SIGNIFICANTLY UNAMBIGUOUSLY BETTER THAN THOSE GENERATED
BY EP witTH THE MMQO’s, GMQO'’s, oR CMO'’s. THE KEYWORD UNAMBIGUOUSLY MEANS THAT THE EP witH AMMO REsuLTs WERE
STATISTICALLY SIGNIFICANTLY BETTER IN ALL COMPARISONS WITH THE OTHER OPERATORS THE PARENTHESES GROUPING M, G, AND C
INDICATE THAT THE t-TEST RESULTS FOREP witH MMO, GMO, AND CMO WERE NOT ALL STATISTICALLY SIGNIFICANTLY DIFFERENT

Mean Best Fitness Unambiguous Rank
ordering based on the
Function GMO CMO MMO AMMO t-test result
b=0 b=1e-4 b=0 b=1e4 b=0 b=1e-4 b=0 b=1e-4 b=0 b=1e-4

f 83.51 3.09e-7 104.74 3.07e-6 4112 9.81e-7 3822 1.61e-6 A,(M,G,C) G,M,CA

f, 10.47 | 9.10e+0 4.52 1.30e-3 3.76 | 7.49e-4 3.41 9.43e-4 AM,C),G M,AC,G

f3 2.33e4 | 8.67e+1 437e3 | 1.14e+2 2.87e3 | 6.38e+1 1.45e3 | 1.44e+2 (AM,C,G) (M,G,C)A

fa 4415 | 1.22e+1 42.01 | 9.42e+0 33.98 | 9.53e+0 14.86 | 9.64e+0 A,(M.C,G) (CMAG)

fs 113.72 | 1.20e+2 55.82 | 4.73e+0 46.96 | 9.52e+0 52.59 | 1.19e+1 (AM,C),G (C.M),A,G

fs 9.74e3 1.99¢-3 423e3 | 5.87e-3 5556e3 | 3.23e-3 81.97 | 3.99e-3 A(CM,G) GMAC

f; 1 292063 | 1.76e+1 | 2740.70 | 578e+0 | 287226 | 1.18e+1 | 154501 6.12e-1 A,(C.M,G) A,C,(M,G)

fs 589 | 5.18e+0 589 | 6.60e-1 6.31 | 1.88e+0 3.14 | 3.23e-1 A(G,CM) ACMG

fy 6.05 | 2.52e-7 7.08 | 2.20e-6 3.84 | 6.99e-7 1.85 1.02e-6 A.(M,G,C) AGM,.C

EP with MMO, GMO, and CMO were not all statistically In the trials with a lower bound, even though EP with
significantly different. AMMO showed faster convergence it stagnated earlier. This

Space considerations preclude presenting all of the resultas caused by the restrictions that the lower bound generated
obtained. Fig. 2(a)—(c) graphs the rate of optimization of Ebh the allowed shape of the pdf of the AMMO mutations.
with the four different mutation operators without a lower The 8;(j) parameter [see (7)] yields insight as to which
bound for the functiondi, f2, and fs, respectively. Fig. 2(d) form of the pdf produced beneficial mutations during different
and (e) presents the corresponding results with a lower boysttases of evolution. Large values @f(;) (1) imply a pdf
for fi1 and fy, respectively. The rate of optimization curveshat closely resembles a Gaussian pdf, whereas small values
for the other functions were similar and are available ontlinef 8,(j) («1) imply a pdf that closely resembles a Cauchy.
for the interested reader. A value of 8.(j) = 1 represents the midpoint, corresponding

When a lower bound was not used, EP with AMMO showeg the MMO. Theg;(j) parameters started out at one (as the
faster convergence than all other operators and found solutieétegy parameters;(;) and o;(j) were both initialized
that were as good ag, and f5) or statistically significantly to three) in each trial. For all test problems when a lower
better (1, fo, f1, f6, f7, fs, and fy) than those found by the bound was not used, there was a gradual increasg(in)
other operators. from one to a value between four and ten during the first

When a lower bound was used, the optimization trajectori@g00-2000 generations. After the initial phase of growth,
for fi—fs and fy saturated as their strategy parameters reachg@ g;(;) value oscillated about the final value. Thus, the
the lower bound. In these trials, the solutions found we@MMO mutations followed a pdf whose form resembled that
several orders of magnitude better than those found withouptithe MMO at the beginning of the search and gradually
lower bound (see Table II). In trials wherein the strategy paesembled the Gaussian. Pure Cauchy mutations were found
rameters did not saturatg-(and fs), the differences betweento be less efficient than MMO and Gaussian mutations at the
the performance of EP with and without a lower bound welgeginning of the search. Moreover, as solutions were obtained
not statistically significant. that were closer to the global optimum, Gaussian mutations

were increasingly preferred over Cauchy mutations.
1AIl the figures, tables, and results presented in this paper alop Fig. 3 shows the meaﬂ:(‘]) value as a function of the num-
’ ! Clg%r of generations (averaged over all the dimensions and the

those omitted due to space constraints are available at http://vision.ucsd.” *~ ; .
edu~kchellap/IEEETECVINA4.ps. 50 trials) for the sphere and Rosenbrock functions both with
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Fig. 2. The rate of optimization (averaged over 50 trials) of EP with the four mutation operators for the (a) sphere {yingfi@im) Ackley function(fz),

(c) function 2.21(fs) from [6], (d) sphere functiorf /1) when using a lower bound of 0.0001 on the strategy parameters, and (e) Griewank fifrfgdion

when using a lower bound of 0.0001. Without a lower bound, EP with AMMO shows faster convergence than the other operators and the final mean best
solution found by the AMMO is as good as or statistically significantly better than those found by using the other operators. With a lower bound, all the
function value trajectories, with the exception of those for saturate as their strategy parameters reach the lower bound. With a lower bound, however,
even though EP with AMMO shows faster convergence than EP with any of the other operators, it stagnates earlier. The addition of a lower bound enhanced
the quality of the final solutions by several orders of magnitude for most of the examined functions.

and without a lower bound. When using a lower bound, as bgthrameters reached the lower bound, the AMMO operator be-
theo,(j) ando;(j) parameters reached that lower bound theame equivalent to the MMO, and the GMO was better suited
B.(4) value moved toward a value of one, and degraded tfa local optimization due to its larger probability of generating
performance of the AMMO operator. When all the strategymaller mutations in comparison with the MMO and CMO.
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10 during the trial. These results indicate that self-adapting not

" only the scaling factors but also the shape of the mutation pdf

oo fpb=0 can significantly enhance the quality of the solutions obtained,
E—a f1’bf1e'4 and reduce the time taken to reach such solutions. Areas

o S :3’2;(1)&4 for fut_ure investigation inclu_de_ other met_hods of combining
3 — 3 mutation operators and designing dynamic lower bounds that

g 10'] ] can better interact with the utilized mutation operators.
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