
37 9 

R. Perry, S. Sriranganathan, D. R. Bull, A. Nix 

University Q€ Bristol, UK 

Abstract 

This paper discusses the application of Genetic Algorithms 
(GAS) to the problem of searching for a set of 
synchronisation codes for TDMA based mobile radio 
systems. The problem may be formulated as a constrained 
optimisation problem and is transformed into an 
unconstrained one by including a penalty term within the 
fitness function. The quality of the sequences obtained, 
using the genetic algorithms, are compared with some 
previously published results. The paper discusses the 
sensitivity of the genetic algorithm's behaviour to the 
formulation of the fitness function and algorithm 
parameters. Using results from polyphase codes it  is also 
shown how sets of sequences for different moldulation 
formats can be obtained from either a BPSK or QPSK 
code. 

I. INTRODUCTION 

All current digital TDMA systems incorporate a 
synchronisation sequence to allow the receiver to 
compensate for unequal arrival times between frames. 
The synchronisation sequence is a relatively short 
sequence which is incorporated in each transmitted 
packet to allow variable time delays introduced during 
transmission to be compensated for at the receiver, The 
GSM system incorporates a 26 bit sequence in the centre 
of the transmitted packet (fig 1). 
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Figure 1. The GSM Trcmsniitted Frame Striictirr e 

In many systems the existence of multipath propagation 
results in several replicas of the transmitted signail being 
received, each with a different time delay and :relative 
attenuation. This multipath propagation is conveniently 
modelled as a time varying linear filter (a channel 
impulse response (CIR)) with symbol spaced taps, or 
fraction thereof, depending on the sampling rate 
employed at the receiver (fig 2). 

The synchronisation sequence in these cases can also be 
used to form an estimate of this CIR. The CIR estimate 
is formed by cross-correlating the received signal with a 
complex conjugated version of the original sequence. 

The auto-correlation function of the synchronisation 
sequence should therefore have a single peak at zero 
time shift and be zero-valued for all other time lags of 
interest. 

Figure 2: Model of Channel Distortion 

The CIR estimate can be used for equalisation using 
MLSE and can also be used to initialise a channel 
matched filter ahead of an adaptive equaliser. In some 
systems (e.g. GSM) the synchronisation sequence is also 
used to carry out equaliser training. 

To supp~ort multiple users, a set of synchronisation 
sequences are required. If only a single sequence was 
used, then for two interfering signals arriving at a 
receiver ,at a similar time, there would be no way to 
distinguish the contribution of each to the received 
signal. 'This problem can be avoided by choosing a set of 
sequences which are as little correlated as possible, i.e. 
the sequences should exhibit low cross-correlation 
values. Distinct training sequences are then allocated to 
channels using the same frequencies in cells which are 
close enough to interfere with one another (fig 3) [8]. 

Figure 3: Cochartnel Inte8erence 

In this ]paper, the problem of obtaining a set of 
synchronisation sequences is considered. In previous 
work [I,:!], attention has focused on the selection of 
sequences; on the basis of their auto-correlation 
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properties and for short sequence lengths an exhaustive 
search is satisfactory. In order to search for sets of codes 
however, the time required to carry out an exhaustive 
search becomes prohibitive. Genetic algorithms have 
therefore been investigated as a means of performing the 
search. The choice of fitness function and the effect of 
both sequence length and set size on the search 
pedornlance was studied. Using some results for 
polyphase codes it is shown how MSK and nl4-DQPSK 
sequences can be derived from a BPSK or QPSK 
sequence respectively. This avoids searching for 
independent sequences for these modulation formats. 
The method of channel estimation is reviewed first. 

11. CHANNEL ESTIMATION 

There are two principle methods which can be used to 
obtain a channel estimate. These are (i) using the least 
sziin of sqriare errors (LSSE) [l] and (ii) using cross- 
correlation [4]. It is assumed here that the channels to 
be estimated consist of symbol spaced multipaths. The 
results can however be extended to fractionally spaced 
multipaths by viewing the channel as a composition of 
interleaved symbol-spaced models. 

For the correlation method, the channel estimate is 
formed by cross-correlating the received sampled signal 
with a replica of a part of the original sequence. The 
circular correlation of the synchronisation sequence is 
defined as E21 

PO c f l k a l  (la> 
k=W-l  

k=O 

N - 1 - 1  N-I  

where ak = exp(i0,) is the kth transmitted symbol. The 
synchronisation sequence is therefore formed from a 
fixed length code, repeated at the ends for a given 
number of symbols. Given a sequence length N with L 
symbols appended to each end, the total sequence length 
is N+2L. We require pi -0 for j = - L . . L  j.0 and 
pQ = 1. The quality of estimate is determined by N and 
the number of significant paths in the CIR is assumed to 
be 2L or less. 

In the LSSE approach, symbols are only appended to the 
start of the sequence. The optimisation metric is the 
minimisation of the sum of squared errors formed from 
the difference in the estimation of the received signal 
(output from tapped delay line filter model) with the 
actual received sequence i.e. 

N-1 

J(h) = p l r k  -rkpsfr 
= O  

where rk and r;‘ are the received signal and estimate of 
that signal and h is the channel impulse response to be 
estimated, covering up to L symbol periods. The 
received signal is modelled as [ 11 

(3) 

the set { y-, ,... I+,, ... .. ., p N W I ) .  is the complete training 
sequence and tik is noise modelled as discrete additive 
white Gaussian noise. Minimising ( 2 )  leads to the set of 
equations [ 11 

PllPSi = z (4) 
N - I - L  N- I 

where P =  ~ p , p ;  ; z = C r i p T  
k = L  i=O 

The pre-computed inverse of the correlation matrix is 
stored at the receiver. If the inverse has a simple or 
regular structure, the processing required to obtain the 
channel estimate will be reduced. A perfect sequence is 
therefore defined as one which has an associated 
diagonal correlation matrix. For such sequences, the 
channel estimate can be obtained without matrix 
calculations. Although it is possible to find several 
perfect sequences for small L (L<4), for larger L none 
have been found. In this paper, sequences suitable for 
carrying out synchronisation using the method of cross 
correlation are discussed. The structure of the 
correlation matrix P, is important when considering the 
training behaviour of an equaliser and was discussed in 
a previous paper [9].  

111. POLYPHASE CODES 

A polyphase code is a sequence of symbols with phases 
0 given by (0) = { p M n / N }  where p is some integer 
and M and N are relatively prime. In [2]  the 
construction of complex codes with zero valued circular 
correlation functions for all non-zero lags was 
described. In the design of sequences here, the phases of 
the transmitted alphabet are restricted to a finite 
number. However, it is shown that for M-PSK 
modulation formats, sequences can be found with zero 
auto-correlation values for a limited number of lags. The 
phase invariance property of polyphase codes is also 
used to show how sequences for one modulation scheme 
can be transformed into a different format with identical 
correlation properties. E.g. The transmitted phases for 
8-PSK are selected as 8, = &/4. Substituting in (lb) 
gives 
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Choosing N2/4 even then 

where 

"S , ( j>  = 0 j =  1,2,3 provided a is a multiple of four. 
The sequence obtained can also be used for n/4- DQPSK 
since the phases are located alternately on the two phase 
shifted QFSK constellations (fig 4). 

0 Constellation 1 
0 Constellation 2 

Figure 4: n 14-DQPSK Signal Coixtellntion 

It is shown next that the modified sequence in (10) 

will have identical correlation properties to the sequence 
{ ak ] with some arbitrary phase shift (phase inviariance 
property). Substituting (10) in (Ib) 

j=1,2,3 (1 1) 

This property of polyphase codes can be exploited to 
transform BPSK and QPSK sequences into MSK and K 

/4-DQPSK sequences with certain restrictions on the 
sequence length. The MSK sequence is ordinarily 
obtained by linearly increasing the phase of the 
transmitted signal according to the sign of the current 
bit. The phase at time instant tz is given by 

The in-phase and qiiudmtiire data streams are given by 
the sine and cosine of the phase r$,, ~ Consequently the 
two parallel streams are altemately either 21 or 0. 
GMSK modulation is sirnilar to the MSK scheme except 
that the (data stream is filtered with a Gaussian low-pass 
filter. The effect of this is to limit the phase increase 
each bit period. As the time bandwidth product of the 
filter is reduced, the severity of the filtering reduces the 
eye opening. (fig 5). 

BT = 0.5 BT= 0.3 BT= 0.15 

F'igirre 5: Eye Dingrains for  Coherent GnlSK 

The MS13 sequence is derived from a BPSK sequence 
according to the following mapping 

The new sequence is detected (as OQPSK [4]) and with 
appropriate toggling of the signs of alternate pairs of 
data bits, the resulting sequence is a transformed BPSK 
sequence which when MSK modulated has the desired 
correlaticln properties (provided the sequence length is a 
multiple of 4). 

A n/4-DQFSK sequence is obtained through the 
mapping 

b, = exp( $)ak 

applied to a QPSK synchronisation sequence with the 
resrrictiori that the sequence length is a multiple of 8. By 
linearly increasing the phase, the symbols will 
alternatellj lie on one of the two phase-shifted 
constellatmns, as in fig 4. The sequence is then detected 
as if originally transmitted as d4-DQPSK and the 
detected1 sequence then gives the correct starting code. 

The ability to derive sequence codes from one 
modulation format is useful because (i) time consuming 
searches can be avoided and (ii) sequence searching 
using GAS may be adversely affected by certain 
modulation formats. 

rv. SEQUENCE SEARCH USING GENETIC 
ALGORITHMS 

Due to the time required for an exhaustive search, 
genetic algorithms were identified as a means of 
performing the search for sets of codes [7]. For the 
problem considered here, the sequences are naturally 
represented by a set of decimal numbers which are each 
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transformed to a binary string and then joined to form 
the chromosome structure. To obtain the sequence 
quality, the strir_gs are mapped onto the desired 
modulation format before evaluation of the fitness 
function. The sets of codes are denoted as (N,L.M) 
where N is the fundamental length of the sequence, L is 
the number of symbols appended to each end and M 
refers to the number of sequences used to form the set. 
Ideal sets of codes are defined as sequences with zero 
auto-correlation values at all non-zero lags less than or 
equal to L. Given that no code may be used more than 
once, the total number of solution sets is given by 

2‘v X 2 N  - l x 2 v  -2x. . . . .x2”-M+l 

E.g. for a code set (16,5,4) there are 1.84 x 1019 possible 
combinations of codes. For the design of 
synchronisation sequences, two properties which must 
be optimised have been identified, i.e. the auto- and 
cross-correlation function values. In order to obtain an 
accurate channel estimate a sequence with a zero-valued 
auto-correlation function for non-zero lags is desired. 
Since for certain systems this is a requirement, e.g. 
GSM, then the search procedure is complicated by the 
need to incorporate this as a constraint. The problem is 
then one of constrained optimisation, i.e. minimising 
the correlation between sequences while ensuring that 
their auto-correlation properties are ideal for a fixed 
time window. In general, there are no further 
restrictions on any member of the population space, 
except for codes which are simply cyclic shifts of one 
another. In practice (without guarding against such an 
occurrence) solution sets only rarely contained cyclically 
shifted codes. 

It should be noted that the auto-correlation cost term is 
dependent only on individual genes whereas the cross- 
correlation cost term for each gene is highly dependent 
on the values of the other genes. Since GAS generally 
require low epistasis in order to function well, it was 
thought that this could potentially inhibit the GAS 
effectiveness [6] .  

The simplest approach to deal with a constraint is to 
employ a penalty function within the evahation routine 
[lo]. This has the advantage of simplicity, but is also 
potentially problematic since the penalty may prevent 
the acceptance of good building blocks contained within 
illegal individuals which are assigned relatively poor 
fitness values. Given that the majority of individuals 
contained in the search space are illegal, there is a real 
danger that the first feasible solution, encountered in the 
search, will ultimately lead to convergence without any 
effective optimisation of the cross correlation properties. 

The fitness function was initially chosen as 

m=+1 $ [ n=- fpq + w @ ? ( q  

(15) 

where R,,,,(n) is the circular correlation between the Eth 
and !nth sequences and W is a weighting factor used to 
impose a penalty for non-ideal auto-correlation 
properties of the sequences (cost function 1 ) .  The value 
of W was varied in order to determine the effect of the 
pena!ty function on the performance of the GAS. It 
should be noted that there are more cross-correlation 
terms than auto-correlation terms and therefore without 
a weighting factor, the cross-correlation cost term will 
dominate the cost function. 

Sequences using BPSK, QPSK and MSK (GMSK) 
modulation formats were obtained using the GAS with 
ideal autocorrelation properties. For the GMSK 
modulation format, an MSK approximation to the 
transmitted GMSK sequence is used at the receiver 
[3,4]. This reduces the complexity of the channel 
impulse response estimation i.e. the stored reference 
sequence is alternately fl or kj. However, the 
autocorrelation properties using this approximation are 
non-ideal due to the intersymbol interference introduced 
by the GMSK modulation. The best results obtained for 
BPSK codes satisfying the autocorrelation results are 
shown in Table 1. 

Table I : Effect of Jet size otz BPSK codes 

The quality of the sequences is independent of M, i.e. 
each subset of four codes from the set of 6 or 8 codes 
was found to have a similar cost function to the set of 4. 
A crossover rate of 0.6 was used, the mutation rate was 
varied from 0.001 to 0.085 and the population size was 
varied between 50 and 70. 

The effect of the weighting factor W on the Convergence 
behaviour of the best and average cost values of the 
population when searching for the BPSK code set 
(16,5,4) is shown in figs 6a and 6b. The stepped 
convergence curve in 6a is due to the large weighting 
factor applied to the autocorrelation term, i.e. each 
improvement in this term produced a large drop in the 
total cost. This effect is less pronounced for smaller W 
as shown in 6b for W=l.O; note however, that the 
autocorrelation term was non-zero for the best code set 
obtained in this case. 

It was found that the convergence of the GAS was 
sensitive to the choice of W, although little degradation 
in the final minimum cost was observed for WrlO, i.e. 
the use of a harsh penalty function did not significantly 
degrade performance, but some form of penalty was 
necessary to avoid convergence to a non-feasible 
solution. 
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Figure 6b: Coilvergerice Behnvioirr of the Best and Average 
 value^ of the Costjfirizction W=l .O 

The best convergence curves for the different values of 
W are shown in fig.7. The stepped convergence here is 
emphasised by the choice of a logarithmic scale. 
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Figlire 7: Effect of Vctrintion of Penalt? Function on 
convergelice to BPSK (16,5,4) code set 

For sequence searching it was found that the su(:cess of 
the GA was highly dependent on the length of the 
sequence and the number of sequences sought. For this 
reason sequences of lengths 14 and 10 could not be 
obtained. 

The GAS were also used to obtain sets of codes, 
neglecting their cross-correlation properties. In this case 
ideal sets of codes could be easily obtained for sequences 
of length 12 and 16. However, for sequence lengths of 
10 and 14 no ideal sets have, so far, been obtained. It 
was observed that for the cases of non-convergence the 
initial population had a good initial best individual, 
which consequently led to premature convergenice. For 
the cases that did converge, the initial best value was 
inferior. 

In [ I l l  it was observed that penalties which are 
functions of the distance from feasibility are better 
performers than those which are merely €unctions of the 
number of violated constraints. In (15) the penalty is a 
function of the distance of the individual from 
feasibility. However, by viewing each non-zero value for 
each lag of the autocorrelation function as a broken 
constraiint, a second cost function, formed by summing 
the number of broken constraints (weighted by some 
penalty factor) was used in the evaluation routine (cost  
fiuzction 2). It is noted that the number of broken 
constraints as defined here, could also be interpreted as 
a looser measure of distance from feasibility. For the 
sequerices that did converge, this was found to give 
more rapid convergence with similar minimum cost. 
The best convergence curves obtained are shown in fig 
8. 
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Figure 8: Effect of Cost Functioii on Convergence to 
BPSK set (163.4) 

Sets of codes for QPSK sequences (satisfying the 
autocorrelation constraints) have also been obtained 
using cost function 1 as for the BPSK codes (Table 2). 
The results are shown for codes of length 16 bits (or 8 
symbols). The binary codes are mapped to 8 symbol 
sequences to which 3 symbols are repeated at both ends. 

I Seauemce Set 1 Decimal Codes I 

lbble 2: QPSK Codes 

A set of eight MSK codes (suitable for the GSM system 
141) were also obtained (N=16 L=5). The population 
size was set to 45, a crossover rate of 0.9 and mutation 
rate of 0.003 were used, 60000 trials were required for 
convergence. The cross-correlation properties for three 
of the sequences are shown in fig 9. The codes obtained 
were (5356,63304,63913,55869, 2231, 11793, 22687, 
1622). 

Using the cost function in (15) the sequences obtained 
here were found to have superior cross-correlation 
properties to those obtained in [4]. The average values 
for the cross correlation terms from [4] and from the 
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GAS are compared in fig 10 together with the best code 
set obtained from a random search over lo6 iterations. 

: : 1  - 6 1 4 3  S W  Qh6 

Figiire 9: Cross Correlcrtion properties for  the MSK Codes 

Figiire 10: Average Values of the Cross Correlation terms for 
the sequences obtained using GAS and in [4] 

The random search over the entire population space 
performed marginally worse in terms of the cross- 
correlation properties, but was unable to satisfy the 
constraints on the autocorrelation terms. Clearly 
forming a smaller search space of codes possessing ideal 
autocorrelation properties would allow these constraints 
to be satisfied. 

VI. CONCLUSIONS 

The design of synchronisation sequences for mobile 
radio systems has been described. Genetic algorithms 
have been used to carry out searches for optimal families 
of codes. In order to carry out this search, a penalty 
function was used to allow constraints on the 
autocorrelation values of the sequences to be included. It 
was shown that the seventy of the penalty did not 
significantly degrade performance. The convergence of 
the GAS was however, found to be sensitive to the 
penalty term. A second penalty function based on the 
number of constraints broken was shown to provide 
superior convergence rates. 

For certain code lengths, sequence sets could not be 
found. Overcoming these limitations is the topic of on- 
going work. Codes for the GSM system were obtained 
with superior cross correlation properties to the codes in 
[4] and those obtained by random search. 
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